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Jexuyun 1 no nuneiinoii anzeope u aHaAIUMUUECKOU 2e0MemMpuu

YACTbD 1: MATPUIBI U ONPEJEJUTEJIN
Jlekmusa 1

Onpeoenenue 1. KBaapaTHOI MaTpuilel OPsAKa N HA3bIBACTCS MPSIMOYTOJIbHAS TabIuUIIa,
cocTosmas 3 N? 9iceN U MMEIOmas BUT:

a,  dp a,
a a .. a
21 22 2n
A= . 1)
anl anZ ann

0
B oanemente a; MaTpuibl A MHIEKC | (COOTBETCTBEHHO, MHJEKC |) 00O3HAYaeT HOMEP

CTPOKH (COOTBETCTBEHHO, HOMEP KOJIOHHBI), B KOTOPOM HAXOJUTCS ATOT JI€MEHT.
YHucnosaa unniocmpayus. PaccMoTpuM MaTpuily
3 5 8 10

p -2 4 6 11
1-10 -8 -3
-4 3 12 17

3necs N=4; x npumepy, a, =3, a;=28, a,, =11, a,; =12. Ecau u3 3T0il MaTpuLBbI
yIaJUTh NEPBYIO CTPOKY U TPETHIO KOJOHHY, TO HOIYYUM CIEAYIOIIYI0O MAaTPHILy 3-TO HOPSIKA:

2 4 11
Ay=|-10 -8 2
-4 3 17

[l
Onpeoenenue 2. 1) Omnpenenurenem |A| matpuiisl A MEpBOro TMOpsAKa Ha3bIBACTCS

€IMHCTBEHHBIH JIEMEHT, U3 KOTOPOr'0 3Ta MaTPULA COCTOUT, T.€. A A = (al 1) 4 =a,.

2) OmnpenenureneM MaTpHIbl A Topsiika 71> 1 Ha3bIBACTCS YKMCIIO

4= (D" ay, |4, @)
k=1

rae Matpuna A4, mopsiaka n—1 mojydaercst U3 MaTpHUIlbl A YHHUTOKSHHUEM MEPBOM CTPOKHU U K-ii
KOJIOHHBI.

0
Ilpumepl. Ilycte n=2, T.€.

CornacHo onpeAeNeHuto 2,
2
k+1 2 3
|A| = Z(_l) a '|A1k| = (_ 1) a, '|A11| +(_1) a, '|A12| = a4y, —Apay,
k=1
TK. A, = (azz), A, = (am) — MaTpulbl mepBoro mopsaka. Takum oOpasom, moiydyaeMm
BBIYHUCTUTENBHYIO (GOpMYITY:

a;; ap

|4l=

=a,a,, —da,a
4y ay| =Tt 3)

Yucnosasa unnocmpayus. 1lycts




Jexuyun 1 no nuneiinoii anzeope u aHaAIUMUUECKOU 2e0MemMpuu

(%)
=2 5)
Torna |4 =4-5-3-(-2)=20+6=26.

Ilpumep 2. llycts n =3, T.€.
ay  ap 4y
A=|a, ay ay
a; Q3 A4y

CornacHo onpeieneHuto 2,
3

|A| = Z(_l)k+la1k '|A1k| = dy '|A11|_ a -|A12|+a13 '|A13| =

k=1
a,, dy ay A4y ay, A4y

a - —dp +a;- =dy '(a22a33 - azsasz)_ a, '(a21a33 - a23a31)+
as, Az 31 3 31 EY)

ta, '(a21a32 _a22a31) =010y 0y T A105305) + Q130,505 — Ay Ay305, — Q105053 — Ay30,5,d5.

Ortcrona nomy4aeM reoMeTpU4ecKUil Crioco0 BBIUMCICHUS OIPEAEIUTENS 3-T0 HOPSIKa:

a4y _Adg; ag_ 4y, 4
a5 @ dr3 a2] a3
a7 Ay dig Ay A4y, —diy
COC,HI/IHCHHLIC OTpC3KaMl/I 3JICMEHTBI COGHI/IHCHHI)IC 0Tpe3KaMl/l BJICMEHTBI
TIEPEMHOKAIOTCA U GepyTCﬂ CO 3HAKOM +. NEPEMHOKAKOTCA U GprTCH CO 3HAKOM —.
OI[HaKO Ha IPAaKTHUKE Yallc BCCTO HpI/IMCHﬂeTCH CJ'ICI[YIOH_[EUI BBIUUCIIUTCIIbHAA (1)OpMy.]'Ia:
‘A‘—a Ay Ay u ay dxp ta ay Ay
=t U 137
32 33 31 A3 31 Axp (4)
]
Yucnosas unnrocmpayus. Iycts
2 -3 4
A=| 5 6 7|
-1 4 8
6 7 5 7 5 6
Torna |4 =2- —(=3)- +4. =2-20+3-47+4-26=285.
4 8 -1 8 -1 4
]

Ilpumep 3. PaccMOTpuUM MaTpully N-ro mopsiaka, y KOTOpoil riaBHast (T.e. HaKJIOHEHHas
BJIEBO) AMaroHajlb COCTOUT U3 €IMHUII, @ BCE OCTAJIbHBIE AIEMEHTHI KOTOPOI paBHbI HYJIIO:

1 0 ... 0

01 .. 0
A=1 =

0 0 .. 1

Taxas matpuiia Ha3eiBaeTcs equHUYHON. MMeeM o popmyre (2):
n
k+1
= Z(_l) Ay '|A1k| =ap '|A11| =
k=1

1

n

4] =

In

I,

1

n

CrnemoBarennsHO, =1. To ecTs,

In—1|=

OIIPEACIIUTECIIb SIMHUIHON MaTpUulbl I000ro Mopsiika paBCH CAUHHUIIC.

In_2|=...:|11|. Ho |Il|=l. Takum oOpa3zom,

O



Jexuyun 1 no nuneiinoii anzeope u aHaAIUMUUECKOU 2e0MemMpuu

3ameTuM, 4to GopMyiy (2), a Takxke ee yacTHbIC ciiydan (3) u (4), Ha3bIBAIOT PA3JI0KEHUEM
ONPEACIUTENS IO IEPBOM CTPOKE.
Jlemma 1. JInsa mo6oit matpunsl A Buaa (1) cnpasemnuBa Gpopmya:

=3 (=1)"a, 4, ©)

i=1
BbIpaXkaromiast co00i pas3iiokeHue ONpeaeTUTENs 10 MEPBON KOJIOHHE.
Hoxazamenvcmeo. JIokazaTebCTBO MPOBOAUTCS MO0 HHIYKIIMUA. MBI BOCIIPOU3BENIEM JIUIIH
Tpu ee mepBbIX miara. Ilepexox oT n—1 K N OCYLIECTBISAETCS aHAJIOIMYHO, HO €r0 TEXHUYECKOEe
oopMIIeHHE TOCTATOYHO CIIOKHOE.
[pu n=1 popmyna (5) naet: |4 = a,,, 4To coBNAnaET ¢ onpeeNeHHEM 2.

a, a
I[lpu n=2 A= ( ! 12) . Ucnionb3ys hopmyiy (3), umeem:

Ay A4y

b

2
i+1
|A| =ap Ay —apay = ady; —adya),, =dy '|A11|_a21 '|A21| = Z(_l) a; '|Ai1
—

1

91O coBmaaeT ¢ popmysoi (5).
IIpu n=3 A=|a, a, a,|. Vcnone3ys reoMeTpu4ecKuil CIocod BBIYHCICHHS

onpeaenuTens 3-ro nopsaka (cMm. npumep 2), Hoaydaem:

A = ay,ay,a55 + 1,505, + 138,05y = @1,05385 = A1y0,5 = 300,05, = ay, '(a22a33 - a23a32) -

3
i+1
—dy '(alzaas - a13asz)+ as, '(a12a23 - a13a22) =day ’|A11| —day '|A21| +a;, '|A31| = Z(_ l) a; ’|Ai1 ,
i-1

9TO coBmajaeT ¢ popmyoii (5).

O
Yucnosaa uniocmpayus. Ilycts
5 6 7
A=|0 3 11|
0 17 2

[Toncuer onpenenuresns JaHHOW MaTPUIIBI pa3yMHEE BECTH PA3JIOKEHUEM IO MEPBOM KOJIOHHE, TaKk
KakK B HEU COAEPKUTCSA MHOTro Hysei. meem:
3 11 6 7 6 7

W7 5 —0-17 2+0-3 . =5-(6-187) = —905.

4| =5

0
Onpeodenenue3. TloctaBuM B cOOTBeTCTBHE MaTpulle A, 3agaHHoi Gopmyroii (1), matpuiry

A", 4ubM KOJIOHHBI COBHAJAIOT C COOTBETCTBYIONIMMM CTpOKaMH MaTpuibl A. Martpuma A"
Ha3bIBACTCS TPAHCTIOHMPOBAHHOM MaTpHIeH (110 OTHOIIEHHIO K A).

3 L[| 4
,T0 A" = HHI
81 1—2 110
0

MoskHO ckaszaTh, uTo A’ modydaeTrcs BpalleHHEM MaTpHuibl A BOKDYT ee IJIaBHOM
nuaroHanu. O003Ha4YaTh MaTPUILY A" mbr OyzeM cieayrommM 00pa3om:

U
Yucnosasa uniocmpayus.

Ecin 4=
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T
O4eBHUIHO, YTO a; =a

Marpuna (A g )ﬁ

AT

Jit

T
a;

T
ay

nl

T
aln

T
aZn

nn

(6)

T
Hapsiny ¢ marpuneit A nopsaka N paccMOTPUM MaTpUILIbI (AT)ﬂ u (Ai/) nopsinka n—1.

MMOoJIy4acTCd TpPAHCIIOHUPOBAHHUECM MATPHUILBL A, a 3arcM YyHaJICHUCM U3

T
IIOJIyYEHHOM MaTpHULbl |- CTPOKU U I-i KOJIOHHBI. /{711 KOHCTpYMpPOBAaHUS MaTpPHUILIbI (Aij) HYXXHO

CHauajia yJaJuTh U3 A I-f0 CTPOKY U J-F0 KOJIOHHY, a 3aTeéM TPaHCIIOHHPOBATH IMOJYUYCHHYIO
MaTpuily.

Jlemma 2. (AT)]_I,:(AU)T

Hokasamenvcmeo. 3anuuiem Matpuily A B BUJE:

ay .. ay, o ay
a1 A1 Gy
A=| a5 .. a,;, a
A Aiija Qi
anl an,j—l ary’
an a1
TGy i—1,j-1
J i-1,j
:>(Al..) =
v a, . .
1,j+1 i—1,j+1
a, a1,
Amnanoruyto,

a i

ai—l,jﬂ
ai,j+1
ai+1,j+1

n,j+1

i+1,1

Ai -1

ai+1,j+1

i+1,n

an,j—l

an,j+l

ain :A

nn

a i ajn
Qi i1 iy
Aivrj1 Aig

an,j—l an,j+1
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1
a i
T
4 = a;
ay i
aln
a
a, .
T Lj-1
(47), =
I a i
aln

a1, a; a1,
Aij1 i Qi
diny 45 Ginyg
i1+ Qi Qi
al—l,n ain ai+1,n

A1 A
ai—l,j+l az‘+1,j+1
aj—l,n ai+l,n

anl
an,j—l
ay | =
an,j+l
ann
anl
an —1
s
. JlemMa nokasaHa.
an,j+1
ann



Jekuyun 2 no nuneiinoii anzeope u aHaIUMUUeCcKoil 2eomempuu

YACTD 1: MATPUILIBI U OITPEJAEJIUTEJIN
Jlexknus 2
CaoiicTBa onpeaenurenen

1. Onpenenurens TpPaHCIOHUPOBAHHOM MAaTpULBl paBEH ONPEHCIIUTENI0 HCXOAHON
MaTpuIbl, T.€.

47| =4l (7)

Jloxkazamenbcmeo. I[OKaSaTeJ'IBCTBO IIPOBOAUTCA C IIOMOLIBIO METOAA MaTeMaTH4YeCKOM

uaayknud. Ilpu n=1 naHHOE CBOWCTBO OYEBHIHO, Tak Kak A’ = A= (a”). IIpeanonoxum, 4To
paBeHcTBO (7) BHINONHSETCA s MaTpull (7—1)-ro MOpsAAKa U JTOKAKEM, YTO OHO BBINOJIHAETCS
JUI MaTpUIl N-To Mnopsijika.

Paznoxum omnpenenurens |AT | [0 NepBOM KOJIOHHE (CM. JeMMy 1), a 3areM NpUMEHUM
JeMMy 2 U MPEeAIoIoKeHUE HHAYKIUU:

47]= 20 ), [ = 20 )

[Tocneanee paBeHCTBO — 3TO Pa3NIOKEHUE ONMPEACTUTENS MO MEPBOM CTPOKE (CM. ompeeneHue 2).
W
N3 noxa3aHHOrO COOTHOLIEHHMS BbITEKAET, YTO BCE CBOWCTBAa, Kacawuuecsi CTPOK
onpeiesIuTeNs, OCTAITCH CIIPABeJJMBBIMHU H /1JIsl €0 KOJIOHH.
Yucnosasa unirocmpayus. Paznoxxum o0a CleAyOmuX OMpeIeIuTens Mo NEpPBOi CTPOKe:

= Z(_I)H1 ay; '|A1i| = |A|

3 -5 -8
l4=1 9 —2/=3-104+5-18—8-(—29)=634;
4 7 10
31 4
|4"|=|-5 9 7|=3-104-1-6+4-82=634.
-8 -2 10

[

2. Ecnu moMeHATh MeCTaMu JIB€ CTPOKH OIPEENIUTENs, TO ONPEAEIUTENb MEHAET 3HaK Ha
MPOTUBOIOJIOKHBIN.

Hokazamenvcmeo. Jloka3zaTeIbCTBO MPOBOJNUTCS IO UHAYKIIMH.

PaccmoTrpum cHavana ciaydaid n = 2. Mmeem:

a,  dp —ua o
— Y1t T Yt
ay A4y
ay a _ _ ( _ a, a,,
=0y 0p — Ayl =\ A1y —Apdy ) = — .
a,, a, ay A4y

JoxaxeM Tenepb 3TO CBOMCTBO sl 7 =3, KOTJa MEHSIOTCS MECTaMH IepBas U BTOpas
ctpoku. OnpenenuTenu OyaeM pacKiiaabIBaTh MO MEpBOM KojoHHE. MMmeem:

a a a

1 12 13

R Ay Ay g Ay ta a4y

21 22 23— %’ —Uy 31" >
as, ds; a3, Ay ay Ay

Qs 4z dy



Jekuyun 2 no nuneiinoii anzeope u aHaIUMUUeCcKoil 2eomempuu

u u 4 4 a;, d; u Ay, dy ta Ay, dy u a;,, d
11 12 13|~ %21° 1’ 31° =y -
asz Ay as, 33 A, dp aszy Ay
as dyp  dy
ay, Ay ap dp Qy, Ay ap dg ap dp
ap - as, - = an- a - +as, - =
asy Az ay, Ay sy A asy Az Ay, Ay
a; 4, ap
=Gy Ay Ay
a3 dyp Ay
o ay, dy a;, dp
Crnydait n =2 MbI UCTIOJB30BAJIU 3/1€Ch, 3aAMEHUB Ha — )
ap  dp ay, dy
I[OKa3aTeJII)CTBO O6HI€F0 Cﬂyqaﬂ HCHOHB?)YCT Ty XE CaMYIO IS U MBI €TI0 OHYCKaeM.
[]
unJloeafl uiirocmpauus. BI)ILH/ICJ_H/IM OHpeHeJII/ITeJIL:
3 -5 -8
1 3 —2/=3-23+5-11-8-(-5) =164
4 7 3
[TomeHsIB MecTaMu TIEPBYIO M TPETHEO CTPOKH OIPEIICITUTENS, BBIYUCIIAM €T0:
4 7 3
1 3 -2/=4-(-34)-7-(-2)+3-(~14) = -164.
3 -5 -8
[]

3. Ecmu JBEC Kakue-1oo CTPOKHU ONPCACTUTCIIA COBIAAAIOT, TO 3TOT OIPCACIIMTEIIb PaBCH

HYJIIO.

Hokazamenvcmeo. Ilycts B KBagpaTHOW MmaTpuile A 1Be CTpOKH coBmanatoT. [lomeHsem

MeCTaMM 3TH JIBE CTPOKHU U TOIyYEHHYIO MaTpuily obo3nauuMm B. SIcHo, uto A=B, To ects |A|=|B].
C npyroii cTopoHsI, 1o cBoiicTBy 2 |B| = —|4|. Takum o6pazom, |4 = |4, To ects |A|=0.

Yucnosas uirrocmpayus.

1
1
4

2
2
-8

-3

-3=1-(-14)-2:17-3-(-16) = 0.

5

[

[]

4. Ecnm xakas 1100 oJHA CTpOKa OMpPENeTUTeNs] YMHOKEHA Ha TIOCTOSIHHBIA MHOXXHTEIb
Q , TO 3TOT MHOXHUTEIb MOYKHO BBIHECTH 32 3HAK ONPEIEIUTENS, TO €CTh:

a

Loxazamenvcmso. IlpoBenem

i+1,1

nl

a,

HUMECM:

a, a;
A1y a1,
a-a,|l=a-|a;
ai+1,n ai+1,1

ann anl
J0Ka3aTcJabCTBO

a,

i caydas 1=1

a

nn

. Ilo onpenenenuto 2




Jekuyun 2 no nuneiinoii anzeope u aHaIUMUUeCcKoil 2eomempuu

a-a, a-a, .. a-a,
a a a n n
21 2 2n k+l k4l
= (_1) a'alk'|A1k|:a'Z(_l) a1k'|A1k|:
k=1 k=1
anl anZ ann
a;; 4y a,
ay, A4y a,
_a.
anl anz ann

Jlns mokaszatenbCTBa OOLIETO Cydas HY)KHO HOMEHSTh MECTaMH MEPBYIO U I-I0 CTPOKH
OIPENIeNTUTEIIs, BOCIIOIB30BAThCs JIOKA3aHHBIM BBIIIE U CHOBA MOMEHSATh MECTAaMU HEPBYIO U i-FO
CTPOKH.

]
unJloeail uirocmpauu.
2 -1 1 2 -1 1 2 -1 1
21 —-42 63|=|21-1 21-(—2) 21-31=21-]1 -2 3 :21-(2-(—8)+1-(—11)+1-10):—357.
3 4 =2 3 4 -2 3 4 -2
]
5. CrpaBeaIMBO PaBEHCTBO:
ap ap a, a;  dp ap| |9 4y a,
b,+c;, b,+c, .. .. b, +c,|=|b, b, .. .. b, l+|c, ¢, .. .. c,
a, a, e .. a, a, d, .. .. a,| la, a, .. .. a,

Hoxazamenvcmeso. CHadana cieayeT pacCMOTpeTh ciiydail I=1, a 3atem oOmuil ciydaii
CBECTU K paCCMOTPEHHOMY, PYKOBOJICTBYACH PacCyXJCHUSIMH, JaHHBIMH B KOHIIE JJOKa3aTeJIbCTBa
cBoiicTBa 4.

[]
Yucnosas uniiocmpayus.

12 1 2 |7+5 3-2 5-3 (7 3 5] |5 -2 -3

7 3 S5|=7 3 S5i=(7 3 5[+|7 3 5|

5 -2 -3 5 -2 =315 -2 =3 |5 -2 -3
Tak Kak B HOJYYEHHBIX ONPEICIIUTENSIX €CTh OJAMHAKOBBIE CTPOKH, TO COTJIACHO CBOMCTBY 3 OHHU
paBHBI HYJIIO. 3HAUYUT ¥ UCXOIHBIM ONPEEIIUTENb PABEH HYJIIO.

O
6. Ecnm xakasg-To cTpoka OmpeNeNuTeNs MpeacTaBiseT co00il MTUHEHHYI0 KOMOMHAIIMIO
JPYTUX CTPOK 3TOTO ONPEAETUTENSA, TO JAHHBIA ONPEACIUTENb PABEH HYJIIO.
Hokazamenvcmeo. IlpuMeHUB K JaHHOMY OIPEEIUTENI0 CBOMCTBA 5 W 4, mpUAEM K
JTUHEWHON KOMOWHAIIMHN ONpeIeNuTeNeH, coAepKaux oJnHaKoBbie cTpoku. [lo cBolcTBY 3 Takue
ONPEACIUTENMN PABHBI HYJIIO, 3HAYUT U UCXOJHBIN ONPEAETUTENb PABEH HYIIIO.

]
Yucnosas UTTTIOCMpayus.
1 -2 3 1 —2 3 1 -2 3
2 5 —4=| 2 5 4  |=|2 5 -4+

8 11 -6 [2:1+3-2 2:(=2)+3-5 2:3+3-(-4) [2-1 2:(-2) 23
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| ) 3 1 -2 3 1 -2 3
+2 5 —4 |=22 5 —4+3-2 5 —4=2-0+3-0=0.
3.2 3.5 3-(-4) 1 -2 3 2 5 —4
0
7. OHpeI[eJ'II/ITeJ'IB HE HU3MCHHUTCA, €CIH K JJIEMCHTaM O,I[HOI71 €ro CTpOKH HpI/I6aBI/ITB
COOTBCTCTBYIOIIHEC 3JICMCHThBI ;[pyrop”l €T0 CTPOKHU, YMHOKCHHBIC HAa KOHCTAHTY.

Hokasamenvcmeo. TouHO Tak »Ke, KaK JUIsl CBOWCTBAa 6, JIOKa3aTEIbCTBO CIIEAYET W3
CBOMCTB 5, 4 u 3.

0
Yucnosas uniocmpayus.
2 =37
[Iyctb A=|3 -1 §|.IlpuGaBuM K mEpBOH CTPOKE STOrO0 OMPEACIUTENS] BTOPYIO
-2 1 5
CTPOKY, YMHOXXECHHYI0 Ha 2. [Tony4nm:
2423 —3+2-(-1) 7+2-8 2 =3 7 23 2:(-1) 2-8
3 -1 8 |=]3 -1 §+|3 -1 8 |=
-2 1 5 -2 1 5 |-2 1 5
3 -1 8
=A+2-{3 -1 8§=A+2-0=A.
-2 1 5
W

8. OHpe,Z[eJ'II/ITeJ'IB PaBEH HYIJIIO, €CJIN BCC 3JICMCHTBI Kakoii-mnbo ero CTPOKHU paBHBI HYJIHO.

Joxkazamenbcmeo. OTO CBONICTBO OYCBUAHO H €ro A0KasaTeJIbCTBO IPCAOCTABIIACTCSA
YUTaTCIIO.

[
'—Iucvzoeaﬂ Uuirocmpauus.
(1)_022 (1) 022 o2 ol 3ol Al
B e L S = T I r - R VA | e
7 -85 |7 -8 5
]

9. Ilycts A u B — aBe marpuis! N-ro nopsiaka. Toraa onpenenuTens NPOU3BEACHUS dTUX
MAaTpHI] paBEH MPOU3BEICHHUIO UX ONPEACIUTENEH, T.€.

|4- Bl =|4]"|B.
Jlokazamenbcmeo. MBI JOKaXXeM 3TO CBOMCTBO TOJBKO JJIS cirydasa n=2. Ecmm

a, ap b, by,
A= ,a B= , TO Ipou3BeZieHne A- B omnpeaensercs CaeayrImM o0pa3om:
ay dp b, by

ay by +anb,  a,b, +ayby,
A-B=
ayby +ayb,  ayb,+ayb,

TO €CTh CTPOKH MAaTPHUIIBI A YMHOXAIOTCSI CKAJSIPHO Ha CTOJIOIBI MaTpuilbl B. Mmeewm:
|A'B| = (anbn + a12b21)(a21b12 + azzbzz) _(a11b12 + alzbzz)(a21b11 + azzbzl) =a, a,b,b, +
+a,,ayb,,by, +a,,a5,05, b, + 4,505,050y, — ay,a,,b,,b, — @05, b,,b,, — a,,0, 00,0, — ay,a5, b5, b, =

=a,,ay,b, by, +a,a,by,b, —a,,ay,b,b, —a,a,byb, = (anazz - a12a21)(b11b22 - b12b21) = |A||B|

10



Jekyun 3 no nuneiinoii anzeope u aHATUMUUECKOU 2e0MeMPUU

YACTbD 1: MATPUIBI U ONPEJEJUTEJIN
Jleknusa 3
Tenepb MBI B COCTOSIHUH J0Ka3aTh, YTO BCAKUN OIMPEACTUTENh MOXKET OBITh PA3JIOKEH IO

T000# CTPOKE | IO JIF0OOH KOJIOHHE.
Teopema 1. CipaBeyiuBbl (HOPMYJIIBL:

|A| = kzl:(_ 1)k+iaik '|Aik| (8)
(pasznoxkeHue OmpeaeIUuTeNs 10 i-if CTPOKE) U
A=Y (1) a, |4, 9)

k=1
(pasnoxeHue ONpeACTUTENIS 110 j-i KOJIOHHE).
Hokasamenvcmso. JlokaxkeM o uaaykimu Gopmyiy (8). Ilpu i=1 sta popmysia coBmamaer
¢ ¢opmynoit (2). Paccmorpum ciyuait i=2. [loMeHsSB MecTamu IEPBYIO M BTOPYIO CTPOKH B
OTIPEIIEIIUTEIIC MATPHIIBI A, TIOTYYHM:

all a12 aln a21 a22 a2n
@ Ay e Gy, ay Qp .. 4y,

|Al= =- :
anl anz ann anl anz a,m

Jlerko BUIETh, YTO €CIIU B MOCJICAHEM OIPEACIUTENC yIAIUTh MEPBYIO CTPOKY H K-if cTonber, To
, TO €CTb OMNpENeNUTeNb, TMOIYYaAIOIIMCI W3 MCXOIHOTO

MOJIYUUTCA OIPCACIIUTCIIb |A2k

OTIpEICIIUTENIS YAaJCHHEeM BTOPOil CTpoku U K-ro cronbdma. Takum 00pa3oM, pa3iioKuB MOCIIEAHUN
ONpENEIUTENb 110 IEPBOM CTPOKE, MOJIyYaeM:

n n
4= _Z(_ 1) ! ok '|Azk| :Z(_ l)lﬁz Ay '|A2k

k=1 =1

4TO JI0Ka3bIBaeT popmyiy (8) mpu i=2.
To4HO Tak e oKa3bIBaeTCs mepexo oT i—1 K .

9

IIpumep 4. BIYUCINM ONPEICIIUTEND:
-4 1 1 1

1
I -4 1 1 1
A=|1 I -4 1 1
1 1 I -4 1

1 1 1 1 -4

[TpuGaBuM K TepBOM KOJIOHHE BTOPYIO KOJOHHY, 3aT€M TPEThbIO, YETBEPTYIO U IMATYIO.
CaoiicTBO 7 onpenenuTeneil, (pUMEHEHHOE K KOJJOHHAM, MOKa3bIBAET, YTO OMPEACIUTENb IPU ITOM
He MeHsiercs. [Tloatomy

0 1 1 1 1
0 -4 1 1 1
A=l0 1 -4 1 1=0
0 1 I -4 1
0 1 1 1 -4
B CHJIy CBOMCTBA 8, TaK)K€ IPUMEHEHHOTO K KOJIOHHAM. 0

llpumep 5. BpIuucIuM OnpeenuTelb:

11



Jekyun 3 no nuneiinoii anzeope u aHATUMUUECKOU 2e0MeMPUU

1 a b+c
A=l b c+al
1 ¢ a+b

[TIpubaBuM BTOpPYIO KOJOHHY K TpeThel (CBOHMCTBO 7), a 3aTeM BBIHECEM OOIIMH
MHOXHUTENb a+ b+ ¢ 3a 3HaK onpenenurens (cBoucTBo 4). [lomyunm:

1 a a+b+c 1 a 1
A=l b a+b+c=(a+b+c)- b 1=0.
1 ¢ a+b+c 1 ¢ 1

IloceqHee COOTHOLIEHHWE CIIEAYET U3 CBOMCTBA 3, TaK KaK MbI IOJIyYHMJIM COBIIAJCHUE IIEPBOM U
TpPEThEN KOJIOHHBI.
O
Ipumep 6. Tlokaxem, uTO eciu Marpuua A aHTHCHMMMeTpudHa (TO0 ecthb A’ =—A;
OTHOCHTEJIBHO MaTpHIIbI —A CM. OmpejielieHre 7) U UMeeT HeUeTHbIH nopsiiok N, To |A|=0.
JleicTBUTENBHO, TPUMEHSISI CBOMCTBO 4 MOCIEI0BATEIBHO KO BCEM N CTPOKAM, IOIy4acM:

—all —a12 vee —aln
|AT| :|_ A| — —dy T4y ... T4y, =(—1)n|A|=—|A|.
_anl _anZ _aill’l

) T
Ho Tak kak B cuity cBoiicTBa 1 |A | =|4], To nomyuaem |4 = —| 4|, otxyna |A]=0.
i
3aMeTHM, YTO €CJIM AHTHCHMMETPHYHAs Marpuiia A HMEeT HYETHBIA MOPSIOK, TO €

0 1
OIpCaACIINTCIIb HC 00s13aH PaBHATLHCA HYJIIO. HaHpHMep, cClin A= ( 1 Oj , TO

0 -1
A" =(1 OJ =—A, Omnaxo |A|=1.

JelicTBus Hax MaTpuLaMHu

[Tpexne Bcero 0600uMM onpeaeneHue 1.
Onpeodenenue 4. Matputieit pa3mepa mx n Ha3bIBA€TCsA MPSIMOYTOJIbHAS TaOJIMIIA YHCElT,
coCTOsIIIast U3 M CTPOK U N KOJOHH:

a,  dp a;,
a a .. a
21 2 2n
A= . (10)
aml amZ amn

B nanpHelimem a1 KpaTkoCTH MBI OyJ1eM 0003Ha4aTh MaTpUIbl Tak: A = (al.i) .

Onpeodenenue 5. JIse marpunsl A :(al.i) u B:(bl.j) Ha3bIBAIOTCS PABHBIMH, €CIM OHU

MMEIOT O/IMHAKOBBIN pasmep u a,; = b, (i =1,2,....m; j= 1,2,...,n).

U
Onpedenenue 6. Matpuiia, Bce 3J€MEHTHl KOTOPOW paBHbI HYJIO, Ha3bIBa€TCS HYJIEBOU
Mmatpuieit u obo3nayaercs O.

[]
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Jekyun 3 no nuneiinoii anzeope u aHATUMUUECKOU 2e0MeMPUU

Onpeodenenue 7. Ecim A = (a,.j) u B= (bl.j)— JIBE€ MaTpULbI pasMepa mxn, a & — YUCIIO,

TO CyMMa MaTPHII U MPOU3BEICHUE MATPHUIIBI HA YHUCIIO ONPEACIISIOTCS CICAYIOMNUM 00pa3oM:
a,+b, a,+b, .. a,+b, a-a, a-a, .. a-a,
, a-A=

a,+b, .. a, +b a-a, a-a, .. a-a

mn mn

A+ B:=

a.+b

ml ml mn

Marpuna — 4:=(—1)- A Ha3bIBaeTCA NPOTHBOMOJIOKHOM O OTHOMIEHHIO K A.

]
Teopema 2. MuoxectBo Mmn Bcex Marpull pa3Mepa mXxn o00pa3yeT BEKTOPHOE
MIPOCTPAHCTBO, TO €cTh Jyist MOOBIX A, B, C 13 Mmn BBIOTHSFOTCS COOTHOIICHHUS

1. A+B=B+ 4;
2. (A+B)+C=A+(B+C);
3. A+0=4;
4. A+(-A4)=0,
5. a-(A+B)=a-A+a-B;
6. (a+f) A=a-A+p-4;
7. a-(ﬂ-A) = (aﬂ)~A;
8. 1-4=A.
Hokasamenbcmeo 3TUX PaBEHCTB TPUBUAIBHO U MPEJOCTABISAETCS YUNTATEIIO.
W
Onpeodenenue 8. Marpuna A pazmepa 1x p Ha3bpIBaeTCS BEKTOP-CTPOKOM:
A= (a11 a, .. alp).
Marpuiia B pasmepa p x 1 Ha3pIBaeTCs BEKTOP-CTOIOIIOM:
by,
B: b21
b,
Hnst otux matpun A u B ipousBenenue A-B onpenensieTcs CleIyonmM 00pa3oMm:
bll
b, P
A-B= (a” a, .. alp)- =ay, by, +a,b, tuta by =D a, b,
=i
b,
W

['maBHOE B ompeaeneHny MPOU3BECHHS MPOU3BOIBHBIX MAaTpuIl A u B 3T0 TO, UTO CTpOKH
MaTpunibl A yMHOXaroTcs (B cMbIcie ompezeneHuss 8) Ha cronOibl marpuisl B. Ilostomy
MIPOU3BEICHNE MATPHI] ONPEESIEHO TOJBKO TOI 1A, KOT/Ia YUCIO CTOJIOIOB MAaTPHUIlbl A COBMAIaeT ¢
YHCIIOM CTPOK MaTpuilsl B. Jlyuie Bcero 3To BUIHO Ha CXeMe YMHOKEHUSI MaTpUIL:

n

13



Jekyun 3 no nuneiinoii anzeope u aHATUMUUECKOU 2e0MeMPUU |

Onpeoenenue 9. TlpoussenenueM A-B MaTpuisl A:(a,.j) pasMepa mx p Ha MaTpUILy

B= (bl.j) pa3Mepa p x n HasbiBaeTcs martpuna C = (c,.j) pasMmepa mxn, Ine

P
c; = ailblj +ai2b2j +...+aipbpj = Zaikbkj (11)
k=1
(i=12,m; j=12,...,n).
O
3ameTrM, uTo paBeHCTBO (11) ecTh mpousBeacHHE I-if CTPOKHM MaTpHIlBl A Ha J-i cToNOE
Martpuisl B.
Yucnosas UTLTTIOCMpauuA.
—4 2
(1 > 1) 3 5 f !
4 0 2) ST
-2 2 0 1
(1-3+2-1+1-(—2) 1-(-4)+2-5+1-2  1-5+2-1+1-0 1-2+2-(—7)+1-1j
\4-340-1+2-(-2) 4-(-4)+0-5+2-2 4-540-1+2-0 4-2+0-(-7)+2-1)
[3 8 7 —11)
\8 —12 20 10/
(234j; (2()) (123)3_3 190 3 (19 4 -4 -4
15 6|7 29/ I B I
3 5 8 -—11 -8
2 8§ 10 12 4
30(4 5 6)=[12 15 18] (2 3 -1)-|5|=17.
-1 -4 -5 -6 6
O

Hamomuum, uto uepe3 | Mbl 0003HaYANIM €TUHUYHYIO MATPHILy (CM. Tipumep 3).
CBoiicTBa IPOU3BEICHUS MATPHI]

LA I=1-A=4;
A(B+C)=AB+AC;

. (A+B)-C=A-C+B.C;

. A(B-C)=(4-B)-C;
a-(4-B)=(a-A)-B=A-(a-B);
. (4-B)" =B"- 4",

. B obmem cnyqae, 4-B#B-A.

. Ecrm A-B= 0, T0o oTCloma He ciemyeT, uTo oxaHa u3 marpuil A u B oOs3atenbHO
JoJKHA OBITH HyJeBoi. KoHTprpumep:

AR

Loxazamenvcmea CBOUCTB 1—6 HECTO0KHBI M IPEIOCTABISIOTCS YUTATEIIO.

O~NoO A WN R

14



Jexuyun 4 no nuneiinoii anzedpe u aHaATUMUUECKOU 2e0MeMPUU

YACTbD 1: MATPUIIBI U ONTPEJAEJIUTEJIN
Jlexknus 4
OOpatHbie MaTPHUIIBI
[Ipexne Bcero HAIOMHHUM, YTO MHOXKECTBO BCEX MATpHI] pazMepa mXxn 0003HadaeTCs
Mmn (cM. Teopemy 2).

Onpeodenenue 10. Tlyctb A€ Mnn. Marpuna B € Mnn Ha3piBaeTcsi 0OpaTHOU MO
OTHOIICHHIO K MaTpuIe A, eciu

A-B=B-A=1
OGparHas MaTpuIa 0603HAYAETCS CIeLYIOMUM 00pazoM: Bi= A,
U
Yucnosas unnrocmpayus. Ilycts
1 23 6 -2 -3
A=|1 3 3|, B=|-1 1 0
1 2 4 -1 0 1
PasenctBo A-B=B- A= nposepsercs nenocpenactsenno. Cnegoparensto, B= A,
U

CBoiicTBa 00paTHOI MaTPHUIIBI

1. CymecTByloT MaTpuilpl, He uUMeromue oOpaTHbIX ( Hampumep, A= (O He HMeeT
00paTHOM, Tak Kak I Jr000# MaTpulisl B Beimonnsiercs: A-B=B-A=0).
2. Ecnu matpuna umeer oOpaTHyro, To 3Ta 0OpaTHas MaTpHIla eIMHCTBEHHA.
Hoxazamenvcmeo. Ilycts B u C — n1Be MaTpuiisl, oOpatHble o oTHouIeHuto k A. Toraa o
cBoiicTBaM 4 1 1 mpou3BEACHUS MATPHUL] UMEEM:
B-4-C=(B-A)-C=1-C=C,
B-4-C=B-(4-C)=B-1=B.

Taxum o6pazom, B = C. O
3. OOparHast MaTpHIa O OTHOLLIEHHUIO K 00paTHOM COBMaaeT ¢ UCXOAHOM MaTpULEeH, T.e.
-1
(47) =4
[okazamenvcmeo. B3sB B KauecTBe MCXOIHON MaTpHILI MATpHIly B= A, mojTy4aeM, 4To
B-A=A-B=1,T0ectsb A=B"", uro u Tpebyercs. 0
4. Ecmu matpunisl A, B € Mnn umerot o0patHsie, TO
(4-B) =B"-47".

Hokazamenvcmeo. IlpoBepum BeimonHeHue omnpeneneHus 10. Mmeem mo cpolictBy 4
IIPOU3BEICHUS MATPHIL:

(4-B)-(B"-4")=4-(B-B")- A" =4-1- 47" =1,
(B'-4")-(4-B)=B"-(4"-4)-B=B"-1-B=1,

4TO U TpeOOBAJIOCH. ll

Bgenem TCIICPb CICAYIOUICC BA)KHOC OIMPCACIICHUC.

.
Onpeodenenue 11. Tlycts A € Mnn. Yucno a;, =(-1)" Aii‘ HA3bIBAETCS ANreOpandecKum

JIOTIONTHEHUEM  DJIEMEHTa  d; MAaTpPHIIBI A, a wmarpuma A =(a;.) HA3bIBACTCSl MaTpUICi

anredpanvecKux JOMOTHEHUN MaTpHUIIbI A. O
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Jexuyun 4 no nuneiinoii anzedpe u aHaATUMUUECKOU 2e0MeMPUU

Ipumep 7. Haiinem matpuiy A” anreOpandecKux JAOMOTHEHHN MaTPHIIbI

1 2 3
A=|-2 0 1|.
2 =31
NMmeewMm:
0 1 2 1 -2 0
all _( 1)2|1411|_ _3 1 :37 a12 _(_1)3| 12|_ 2 1 =, a13 _( 1)4|A13|: 2 _3 = 6,
2 3 1 1 2
aZl:( 1)3| 21|_ -3 1_ 1L a22—( 1)4| 22|_ ) 1__ > a23:(—1)5|A23|:—2 _3:7;
2 3 1 1 2
as :(_ 1)4|A31|: 0 1 =2 a32:(_1)5|A32|:__2 1:_7; as; :(_1)6|A33|: ~2 0 =4.
Takum o6pazom,
3 4 6
A =|-11 -5 7]|.
2 -7 4
]

Onpedenenue 2. TpaHCIOHUPOBAaHHAS MaTpHIla alreOpandyecKux MOMOTHEHUNA MaTPHIIbI

T
A ob6o3Hauaercs (A*) Y Ha3bIBaeTCs IPUCOEAMHEHHON MaTpulell K matpure A.

Jlemma 3. CripaBeiTMBO paBEHCTBO

() =(a7).

Jokazamenbcmso mpeaoCTaBIACTCA YUTATCIIIO.

Jlemma 4. CripaBeJyTNBO CIIETYIOIIEE COOTHOIIICHHE:
a-(a) =(a) - a=14-1

«\T
Hoxazamenvcmeso. JIoOKaXeM JIUILIb PABEHCTBO A-(A ) =|A4|-1 B cmyuae n=3. Umeem:

* * *

a4 dap a4y dy

\T % * *
A'(A) =Gy Gy Ay || GQp 4y 4dyp | =

* * *

as; Gy ds a3 4y Ay

* * * * * *
a,a, +apa;, tasa;; a,a, +a,a,, t+a;sa,;

% * % % * 5
Ay Ay tapa;, +aypa;; Ay 0, T0y,a0, +dy0y,

* * * * * *
Ay a) + 50, tas53a0,5 A0, 0350, +A530,,

* * *
a,as; +a,a;, +a,5ay,
* * *
Ay A3 +aya5 +a)05,

* * *
a3y +a3nas, +ads55as,

HOKa)KeM, 49TO B HOJ'Iy‘—IGHHOﬁ MaTpuie BCE 3JICMCHTHI, CTOAIINC Ha TJIaBHOM JuaroHaliv,

paBHHI |A|, @ Bce oCTabHBIC 3JIEMEHTHI PABHBI HYJTIO.

Pacninmiem, k nmpuMepy, BTOPOM 3JIEMEHT Ha INIaBHOW auaroHann. MiMeem:

* * *
Ay Ay T ayay) +a5a,;=

=a, '(_ I)M

A21| +ay, '(_ 1)%2

A22| ta, '(_ 1)%3

AZ

3
3| = ;(_1)2+k Ay '|Azk| = |A|,
-1

TaK KaK MOCJICAHEC PABCHCTBO €CTh PA3JIOKCHUC OIIPCACIIUTECIISA MATPHULIbL A o BTOpOﬁ CTPOKEC (CM.

Teopemy 1).
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Jexuyun 4 no nuneiinoii anzedpe u aHaATUMUUECKOU 2e0MeMPUU

[IpeoOpazyeM Temepb AJIEMEHT, CTOSIIMK Ha TEPECeUYeHUU TEPBOM CTPOKH U BTOPOUH

KOJIOHHBI. IMeeM:
242

a,,ay +a,a;5, +a,;a,,=a;, -(—1)2+1|A21|+a12 '(_1) A22| t+a; '(_1)2+3|A23| =

a; 4 dp

A, dap a; ap a;; 4ap

2+1 2+2 243
=(-1)"a,- +(=1)"a, - +(=1)"ay;- =9 G dg)
a;, dj a3 dj; d; 4y
a; Q3 a4y
3aKII0YUTEIbHOE PABEHCTBO MPOCTO MPEACTABISET COO0M pas3oKeHUe MOCIETHErO ONpeIeTUTeNs
o BTOopoi ctpoke. Ho B 3TOM mociienHeM ompeaenuTese nepas U BTOpas CTPOKHU COBIAJIAIOT,
MOATOMY B CHJTy CBOMCTBA 3 OINpEIeUTENIe OH paBeH HYJIIO.

Bce ocranbhbIe HGO6XOI[I/IMLIG q)aKTBI JOKa3bIBAIOTCs aHAJIOTH4YHO.

0

Teopema 3. 1) Ecu |A| # 0, To o6paTHas k A MaTpHIa CyIIECTBYET H HMEET BUJT:

1 12
A*l:_.(A*)T' ( )
|4

2) Eciu |A|=0, To A™' He cymiecTByer.

Hokasamenvcmeso. 1) 3 cooTHOIIEHUS, JOKA3aHHOTO B JIeMMeE 4, IoJIy4aeM:

1 T 1 r 1
A-(—- A j =—A\A4") =—-|4-1=1
4] () |4 () 4]
AHaNOru4HoO JOKa3bIBAETCSI COOTHOLICHUE [m . (A*)Tj -A = 1. Orcrona u BoiTekaer (12).

2) TIpenmnonoxum, 410 A cywectByer. Toraa A-A" =1 U3 npumepa 3 cienyeT, 4yTo
|A . A’1| = 1. A u3 cBoiicTBa (9) onpenenuTencii BEITEKAET, YTO |A|-|A’1| =1, To ectb 0=1.
TlonyueHHOE MPOTHBOPEUHE J0KA3bIBAeT, UT0 A ' He CyIlIeCTBYeT.

W

Ipumep 8. Tlycts A — Ta ke MaTpHIla, YTO U B IpuMepe 7, B KOTOPOM MOJCUYUTAHO, YTO

3 4 6 3 —-11 2

A" =|-11 -5 7|. Torna (A*)T =|4 -5 —7|. Bpluucnas omnpeaenuTenb MaTpulbl A,
2 =7 4 6 7 4
nonyyaeM |[A|=29. Teneps no popmyne (12):
3 11 2
29 29 29
1 4 5 7
A=) = = - |
29 29 29 29
6 7 4
29 29 29
W
JIuneliHple cuCcTEMBI N YPaBHEHUH C N HEU3BECTHBIMU
B nanpHeiinem Mbl OyJeM HCTIONB30BaTh 0003HaueHue: R":=Mn 1.
PaccmoTtpum crenyronryro cucreMy N TMHEWHBIX YPAaBHEHUN C N HEU3BECTHBIMH X |,...,X "
a, x, +a,x,+..+a, x, =b,
a, X, + ayx,+.+a, x, =b, (13)

a,x,+a,x,+.+a,x, =b

n
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Jexuyun 4 no nuneiinoii anzedpe u aHaATUMUUECKOU 2e0MeMPUU |

DTy cUCTEMYy MOJKHO 3alucaTb B MaTPUYHOM BUJE A-x=b, tne A= (a g)— Marpuia
b, X

K02(hPUIIMEHTOB NMPU HEU3BECTHBIX, b =| ... | € R"— cTonOe1 CBOOOHBIX WICHOB M X =| ... | e R"—
b X,

n

cronber Hem3BecTHBIX. O603HauMM A =|A| — I7IaBHBIHA ONpeeNUTeNb CHCTEMBI, a TAKKe BBEIEM
BCIIOMOTaTeJIbHbIC ONPEICTUTENH:

a, . a,;, b a,, .. a,

b a . a

n,j—1 n n,j+l nn

KOTOpBIE MOJIy4aroTCs M3 A 3aMEHOH j-i KOJOHHBI Ha CTOJIOCI] CBOOOIHBIX YWICHOB.
Teopema 4 (npaBuno Kpamepa). Eciu A # 0, To cuctema (13) obiamaer eMHCTBEHHBIM
A, A, A,

X’ X, =X,...,xn A
Jokazamenvcmeo. Tak kak A # 0, To 110 TeopeMe 3 cyIecTByeT A~ U Cle[0BaTeNbHO:
Ax=b & A" (4x)=4"b & (4" 4)x=4"b & x=4" b=

a, a, .. a,) (b bai, +b,a;,+..+b,a’,
_1jay ay o oay||b| 1 |ba)+bay,+.+ba,,
A LT AT

* * * * *
a, a, a b, ba,, +bya,, +.+b.a,,

n cee nn

penieHueM, KOTOpoC UMECT BU: X, =

PaccysxneHrneM, aHaJOTHYHBIM MPOBEICHHOMY B JIOKa3aTelbCTBE JIEMMBI 4, MOKA3bIBACTCS, YTO
bay; +bya;,+.+b,a, = A, m0dTOMy HOC/IENHEE PABEHCTBO PABHOCUIBHO CIIEyIOIIEMY:

Al
A, A
1A, A
X = X =l A |
A,) | A,
A
0
Teopema 5. (oOpatnas). Ecnu cucrema (13) uMeeT eAMHCTBEHHOE pelieHue, To A # 0.
Loxazamenbcmeo 3TO TEOPEMBI MBI OITyCKAEM.
0

Cnedcmeue. I'naBubIi onpenenurens A cuctemsl (13) paBeH HyJIO TOTIa M TOJIBKO TOT/IA,
KOTI'/Ia 3Ta CUCTEMA HE UMEET pelIeHHH, 1100 UMeeT OECKOHEYHOE MHOYKECTBO PEIICHUH.

x, +5x, =1
1 2 -

Yucnosasa unnocmpayus. JIerko BUAETh, 4TO CHCTEMA HE UMEET PELICHUH, B

X, +5x,=7

3x,—x, =1 .
TO BpEMA, Kak CHCTEMA | . _ o HMeEET 0ECKOHEUHO MHOTO PEUIeHUi. 3aMeTUM, YTO IJIaBHbIE
X, —2x, =
1 2

OTIPEICTTUTENH STUX CUCTEM PaBHBI HYIIIO. 0
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Jekuyun 5 no nuneiinoii anzedpe u aHaruMu1ecKoil 2eomempuu

YACTD 2: BEKTOPBI U I[EPICTBHH HAJI HUMHA
Jlexkuus 5

JIuHeiliHas 3aBUCUMOCTD U JIMHEWHAs: HE3aBUCUMOCTh BEKTOPOB

B stom paszzmene mbl mojapobHee M3yYyUM MHOKECTBO BEKTOP-CTOJIOIOB R", BBEACHHOE
Hamu B koHiie YACTU 1. Ilo teopeme 2 3TO MHOMXECTBO SIBISICTCS JIMHEWHBIM MPOCTPAHCTBOM.

OneMeHTsl U3 R” MBI OyJeM MpOCTO Ha3bIBaTh BEKTOPaMHM M 0003HAYATh MAJIBIMU JIATHHCKUMHU
6yKBaMHM C YepTOYKAMH HAaBEPXy (HATIpUMeEp, @,b U T.1L.).

Onpedenenue 13. Bexktop a €R" Ha3pBaeTcs JIHMHEHHOW KOMOMHAIMEH BEKTOPOB
a,a?,...a"™ eR", ecnu cymeCTBYIOT YUCIA @, (L, ,...,Q,, TAKUE, YTO

a=oa"+aa?+.+a,a™.
0
Onpeodenenue 14. Cucrema BEKTOpPOB {67 Wa®. ., ("’)} C R" Ha3zbIBaeTcs JHMHENHO
HE3aBMCHMOM, €cIM U3 cooTHomeHus a,a'’ +a,a'?+.+a,a"™ =0 BbITEKAET PABEHCTBO
a,=a, =.=a, =0. B IpoTHBHOM cllyyae JaHHas CUCTEMA Ha3bIBAETCS JIMHEWHO 3aBUCUMON (T.€.

UCXOJIHAsl CHCTEMA JIMHEHHO 3aBUCHMA, €CIM CYILECTBYIOT M uucen «,,a,,...,&, , HEPABHbIE

=~

OJIHOBPEMEHHO HYJIIO U Takue, uto a,a'’ +a,a” +.+a,a'™ =0).

]
,Z[OKaBaTeJII)CTBa MHOI'UX CBOI>'ICTB, IMPHUBOAUMBIX AAJICC, MbI OITYCKAa€M BBUAY UX IMPOCTOTEHI,
AaBas IMPpeAINOYTCHHUEC YU CIIOBBIM HIUIOCTPALHUAM.

CBolicTBa CUCTEM BEKTOPOB
1. Cucrema BEKTOpPOB {47 Wa?,...a (’")} C R" nuHEeWHO 3aBHCHMa TOIJa M TOJLKO TOTJA,

Korga XoOTsa OBI OIWH HU3 BCKTOPOB CHCTCMbI ABJISICTCIA JIMHEMHOMN KOM6I/IHaHI/ICI\/‘I OCTaJIbHBIX €€

BEKTOPOB.
Yucnosas unnocmpayus. Cucrema BEKTOPOB
3 -6
aV=| 1|, a%=|-2
-2 4
SIBIISIETCS JINHEHHO 3aBUCUMOM, Tak kKak a2 = —2a .
]
2. CucremMa BEKTOPOB JIMHEWHO 3aBUCUMA, €CITH OHA COJCPKUT HYJIEBOU BEKTOP 0.
Yucnosas unnrocmpayus. CuCTeEMa BEKTOPOB
5 7 0
-2
a0 = a® = 8 a® -5 = 0
= , = , =0 =
-3 0
7 16 0
nuHeitHo 3aBucuMa, Tak kak 0-a” +0-a” +1-a = o (cm. onpenenenue 14).
]
3. CucreMa BEKTOPOB JIMHEWHO 3aBUCHMA, €CITU OHA COJIEPKUT JUHEHHO 3aBUCHUMYIO

MOACUCTEMY.
Yucnosas unnrocmpayus. CuCTEMa BEKTOPOB
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3 -6 5
a0 =l 11 a®=|-2]. g®=|1
-2 4 1

JMHEHHO 3aBHCHMAa, TaK KaK €¢ IIoJCHCTeMa {c? W a (2)} JUHEWHO 3aBUCHUMA (CM. YHUCIOBYIO
WJUTFOCTPAIINIO CBOKMCTBA 1).
U]
4. Bcsikas mojcucTeMa JUHEHHO HE3aBUCHMOM CHCTEMBI BEKTOPOB JIMHEHHO HE3aBUCHUMA.
Hokazamenbcmeo. ITO yTBEPKIACHUE — MMPOTUBOIOIOKHOE K 00paTHOMY JUIsl CBOMCTBa 3.
[TosToMy 0HO cripaBeJIMBO BMECTE CO CBOMCTBOM 3.

U]
5. Ilycts B ipocTpancTBe R” 3amaHa cuctemMa N BEKTOPOB
ay ap ay,
a a a
—1 21 —(2 22 — 2
a¥ = ,a? = A R (14)
anl anZ ann
OTa cucTeMa JMHEHHO He3aBHCHMa TOT4a M TOJILKO TOrIa, Koraa
apy  dp a,
a a . a
21 22 2
A= "1 0. (15)
a, a, .. a,
[Hoxazamenvcmeo. Tpesnae Bcero 3aMmeTum, uto paBenctso o,a'’ +a,a® +.+a,a'™ =0,
BXOJISIIIEE B orpeziesienrne 14, paBHOCUIILHO CUCTEME:
a,a, +a,o,+.+a,a, =0
a,a, +a,a,+.+a, o, =0
(16)

a,o +a,o,+.+a, a =0

Eciu (15) BemmomneHo, To mo mpaBwiy Kpamepa (teopema 4) cucrema (16) umeer
A1 A2 An V)
EIMHCTBCHHOE PEIEHUE: « = A 0, a, = T\ 0,....,a, = A 0, 4TO IOKa3bIBAET JIMHEHHYIO
HE3aBUCHUMOCTb CUCTEMBI BEKTOPOB (14).
OG6parHo, ecnu cuctema BeKTOpoB (14) nuHEtHO He3aBHCHMA, TO MO OmpeaeieHuo 14

cucteMa ypaBHeHUH (16) mMeeT e€QMHCTBEHHOEe pellleHue o, =, =..=a, =0. Ilo Teopeme 5

IJIaBHBIA onpenenutens A # 0.
U

6. Ecnmu cucrema BekTopoB (14) nuHelHO He3aBHCHMa, TO OHa oOpasyerT Oasuc B

nmpocTpancTBe R”, TO ecTh 000K BEKTOp M3 R" MOXXHO €IUHCTBEHHBIM 00pa3oM IMPEACTaBUThH B
BH/JIC TUHEHHON KOMOMHAIIUN BEKTOPOB CUCTEMHBI (14).

bl
_ | b 5 .
Hoxazamenvcmeso. Ilycte b = — TMPOU3BOJIBHBIN BekTop M3 R". Torma paBeHCTBO
bl’l
aa’ +a,a®+.+aa™ =b e
s , ta, = b paBHOCUJIBHO CHCTEME YPaBHEHHIA:
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a, o, +a,a,+.+a, a, =b,
a, o, +a,o,+.+a, o, =b, (17)

a,a, +a,a,+.+a,a, =b,

[To cBoiicTBY 5 riaBHbIN onpenenuTenb 3Tol cucteMbl A # (. 1o npasuny Kpamepa (Teopema 4)

A A A
1 2
NOJyYCHHAsl CHCTEMAa UMEET EIMHCTBEHHOE DPEIIEHHE: ¢, =_A , @, =_A yers O, =—A” . Apdro 1
03HAYAeT, YTO BEKTOp b ecTh JUHEiHas KOMOWHALMS BEKTOPOB a,a?,..a” eR" ¢

ko3¢ unuenTamu o, ,a,,..., o, .
0
Onpeodenenue 15. Koapouuuentsl «,q,,...,c, pa3loxeHUs Bekropa b 1o Oasucy

{47 Wa® ..a (”)} C R" Ha3bIBAIOTCA KOOPAMHATAMH BEKTOpa b OTHOCHTEIHLHO JAHHOTO Oasuca.

]
Llpumep 9. BexTopsl
1 0 0
— 0| _ 1 _ 0
eV = , e = yoye ™ =
0 0 1
00pa3yroT 0aszuc B MpoCTpaHCTBE R”, Tak Kak
1 0 ... 0
01 .. 0
A= =1#0
0 0 .. 1
(cm. mpumep 3). DToT 6a3uc HA3BIBAETCS €CTECTBEHHBIM OazucoMm B mpocTtpaHcTtBe R". Ecnn
bl
=_| b 5 S0 5(2) ()
b= , TO JIETKO BUAETh, UT0 b =be"’ +b,e'’+..+b e, To ecTb anemMeHTsl b,,b,,...,b, Kak
b

n

pa3 " ABJIIFOTCA KOOpANHATAMHU BCKTOpa b OTHOCHTENBHO €CTECTBEHHOTO Oa3uca.
B IMPOCTPAHCTBEC R3 BCEKTOPBI €CTCCTBCHHOT' O Oa3mca qgamie BCETro 0003HAYaIOTCs TaK:

1 0 0
i=|0], j=|1|, k=|0
0 0 1
W
IIpumep 10. Jloka3aTb, 4TO CUCTEMA BEKTOPOB
1 -1 1
aV =2, a®=| 1| a¥=|1
1 1 2
6
o6pasyeT 6a3uc B IpOCTpaHCTBE R’ , U HaliTH pa3noxenue BekTopa b =| 3 | B 3TOM Gasuce.
5

Nwmeem:
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I -1 1
A=2 1 1/=5#0.
1 1 2
Ilo cBoiictBaM 5 m 6 cuHCTeMa BEKTOPOB {c_z Wa®.a (3)} ecTh Oasuc B mpocTpaHcTBe R°. Jlis
HaXO0XJCHHUs KOOPAUHAT BEKTOpa 5 OTHOCUTENIBHO 3TOro 0asuca cocraBuM cucremy (17):
o, —a,+a; =06
20, +a, +a; =3.
o +a,+2a,=5
Pemnm ee o npaswiry Kpamepa. BerunciuM BCioMOraresibHbIe ONPEIEIUTENN

6 —1 1 16 1 1 -1 6
A=[3 1 1|=5 A,=]2 3 1|=-10, A,=2 1 3=15
5 1 2 15 2 1 1 5

Honyuaem: a, =1, a, =2, a, =3. Toects, b =a'” —2a® +3a®.

Bextopsl B R*u B R’

Ha miockocty M B TPEXMEPHOM IPOCTPAHCTBE BEKTOPHI MOKHO MHTEPIPETUPOBATH KAK
HampaBJICHHBIE OTPe3KH. PaccMoTpuM moapoOHO citydail MIoCKOCTH (IIPOCTPAHCTBEHHBIN CIydaid
TPAKTYETCs aHAJIOTUYHO).
y4 Mycrs  A(a,,a,) mn B(b,b,)— nBe
TOYKH IUIOCKOCTH, 3a/laHHbIC CBOMMH
JIEKapTOBbIMU  KoopauHatamu. llocraBum B
COOTBETCTBUE 9TUM JIBYM TOYKaM

XV

HaIlpaBJIEHHBI  OTpe30K  AB,  KOTOpBIH
pUCYETCSl CTPENKON ¢ HavyajloM B TOuke A u
KOHIIOM B Touke B. HampaBieHHslii oTpe3ok

AB OTOXZECTBUM C JBYMEPHBIM BEKTOPOM

b —a

1 1

( . Ilocne 3TOro OTOXIECTBIECHUS MTOJIYydaeM:
b, —a,

1) nBa HampaBlIEHHBIX OTPE3Ka paBHbBI, €CJIM OJMH M3 HUX IMOJY4YeH MNapajiebHbIM
MIEPEHOCOM JIPYroro, WK, YTO TO K€ CaMO€, €CJIM OHU MapauleNbHbl, CTPEJIKU CMOTPAT B OAHY U TY
’Ke CTOPOHY U MX JJIMHBI paBHBI (CM. onpezeneHue S);

2) HampaBJICHHBI OTpE30K, y KOTOpOrO Hayajlo M KOHEI| COBMAaJialoT, COOTBETCTBYET
HYJIEBOMY BEKTOPY (CM. omnpeneneHue 6);

3) cymma ABYX HallpaBJICHHBIX OTPE3KOB, MOJIydeHHas Mo "MpaBuily mapaijenorpamma',
COOTBETCTBYET IIOHATHUIO CyMMbI BEKTOPOB U3 ONIPEJEIECHUS 7;

4) nmpou3BeJEHUE HAIPABIEHHOIO OTPE3Ka Ha YMCIO « , 3aKIIOYAIOLIEECS B PACTSKEHHU
oTpe3sKa, eciu |a| > 1(cooTB., cxaTuH OTpe3ka, eciu |a| <1), ¥ U3MEHEHHM HaIpaBIeHHs OTpe3Ka

Ha TIPOTUBOMOJIOKHOE, eclii & < (), COOTBETCTBYET MOHSATHIO YMHOXKEHHUS BEKTOpAa HA YUCIIO (CM.
ompeneneHue 7).
B nanpneitmem Mb1 Oyiem 0003HauaTh BBEJIEHHOE OTOXKACCTBICHUE 3HAKOM PaBEHCTBA, TO

_ (bl —alj
ectb AB = .
b, —a,
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YACTbD 2: BEKTOPHI U JIEMCTBUS HAJI HUMHA

Jlexknus 6
3ameHa 6a3uca B mpocTpaHcTBe R”

3adukcupyeM B mpocTtpaHcTBe R Gazuc (E Wa?,. .,a (”)), KOTOpPBI MBI ISl y100CTBa

6y,[[eM 3aluCbiBaTb B BHUJAC CTPOKH, COCTOSIIJ_[ef/'I U3 BCKTOPOB. BBCI[CM TCIICPb B TOM IKC

o —1 =@ —(n) v
IIPOCTPAHCTBE HOBBIN 6a3I/IC (a() ,a( ) ,...,Cl(n) ) Paznoxum KaXXIbI1 BEKTOP HOBOI'O 6331/103 110
BEKTOpaM UCXOOHOI'O 6a3I/IC32
, n
=) _ — (i)
al =2s5,a" (18)
i=1
Paccmorpum matpuiy
St S Sty
S S S
21 22 2n
S =
Snl Sn2 Snn

U 3anuIIeM paBeHcTBo (18) B MAaTpUYHOM BHIE:
p— / p— / p— / p— p— p—
(a“) ,a? ,.,a™ ):(a(l),a(z),...,a(”)) -S. (19)

- _ N/
Onpedenenue 16. Marpuna S, ubs j- KOJOHHA COCTOMT M3 KOOpAMHAT Bektopa '/

OTHOCHTEIHFHO HCXOIHOTO 6a3mca (47 Wa®, ..a (”)) (cm. onpenenennel 5), Ha3pIBAEGTCS MATpHIIEH
TIepexosia OT HCXOAHOTo 6a3rca K HOBOMY 6a3HCy.

W
[Tycts b € R" — npou3BONBHBIA BEKTOp. Ero MOXHO pa3ioXHUTh B UCXOTHOM Oa3wmce:
0.’1
h=aag® —(2) —n _ (70 Z@ ) | % (20)
=qa’ +o,a+. . +aa =\a,a”,...,a") - ,
al’l
a TaKk)Ke OTHOCUTEIILHO HOBOTO Oa3uca:
/
al
/
T =) = =) _ (70 =) =) | % 21
b=oa"’ +a,a”’ +.+a, =\a"’ ,a"”’,..a . (21)
/
a}’l
/
a,
EcTecTBEHHO BO3HMKAET BOIMPOC: MOXHO JIM BBIPa3UTh CTOJOEI] HOBBIX KOOPAMHAT | ... | BEKTOpa
/
al’l
a,
b depe3 crapple KOOPAWHATHI | ... | C HCIOJb30BaHHEM Marpuilbl S ? OTBET Ha ATOT BOMPOC
a

n
COJIEPKUTCS B CIIEYIOIIEH TeOpeEME.
Teopema 6. Matpunia S Bcerga oOpaTuMa U CIIpaBeIMBO COOTHOIIICHHUE:
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=S .. 22)

Hokaszamenvcmeo. OueBuaHO, cooTHouleHue (19) MoxHO 3amMcarh, MCHOIb3YS
€CTECTBEHHBIC KOOPIMHATHI BCEX BXOAIINX B HETO BEKTOPOB:

/ / /
A e 4y, Ay Ay e 4y,
/ / /
Ay Ayp . Gy, dy Ay - Ay,
= -S.
/ / / 4. a a
a, a4, .. a, nl n2 0 nn

Bo3bmeMm ompenenutenu OT JIEBOM M MpaBOM 4YacTH 3TOr0 MaTpU4YHOro paBeHCTBa. [Ipumenss
CcBOWCTBO 9 Teopum ompenenuteneii, momydaeM A = A-|S|. TIo cBoiicTBy 5 chCTeM BEKTOPOB
nmeeM A =0, A’ # 0. CreoBarensHo, | S| # 0 u 1o Teopeme 3 MaTpuna S o6paTuma.

N3 cootnomennii (20) u (21) momyyaem:

a @
/
, a
—() =) —(n) | _(=1) =2 —(n) 2
(a“,a( ),...,a(”))- —(a(),a( ),...,a(”)-
/
a, a,
Hcnonb3yeM B eBoii yactu paBeHCTBO (19):
a a
/
a a
—() =(2 — 2| (=) =2 —(n) 2
(a(),a( ),...,a("))'S- —(a(),a( ),...,a(”)-
al a

n n

OTCIOI[a CJICAYCT BBUAY CAUHCTBCHHOCTH KOS(l)(I)I/H_[I/IeHTOB Pa3JIOXKCHUA 110 6a3I/ICYZ

/ / /

al a] al 6ll a] al
/ / /

a a a a a o
2 2 _ 2 _ 2 2 _ 2

S = = S§'.5- =5 = =5

a) \a al a al a

n n n n n n

0
Ipumep 11. TycTh (f, j, E)— eCTECTBEHHBII 6a3Hc B MpocTpaHCTBe R° (cM. mpumep 9) u

b =3i —2j+ 5k . PACCMOTpHM CHCTEMY BEKTOPOB:

1 -1 1
=20, 7 = 1], k=1
1 1 2

B mpumepe 10 moka3aHo, 4TO (f gk )— 6asuc B mpoctpanctBe R’. HaiimeM KoOpawHATHI

BEKTOpa b OTHOCHUTEIBHO 3TOr0 HOBOTO Oa3uca.
Hcnonb3ys ompenenenue 16, coctaBisgeM MaTpuily S mepexoja OoT MCXOJHOro Oasuca K
HOBOMY 0a3ucy:

-1 1
S=(2 1 1
I 1 2
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Mei Bueny, uto | S| = 5. BeluuciseM MaTpuily airebpandeckux IOMOJIHEHMH, a 3aTeM U 00paTHYIO
MaTpHUIy:

r 3 2
I -3 1 1 3 -2 5 5 5
. L1 3 1 1
5 5 5 5
-2 1 3 1 -2 3 1 2 3
5 5 5
a, 3
Jlns BekTopa b cTONGEI CTaphiX KOOPAMHAT MMEET BHI: | a, |=|—2|. CiemoaTembHo, 110
a, 5
Teopeme 6
13 13
al/ a, 5 5 5 3 5
; o 3 1 1 6
a,| =8 a,|=|-- = — -2|=| ——
| 5 5 5 5
o) \a) |1 2 3 |\s) 2
5 5 5 5
— 13, 6., 22_
Takum obpaszom, b =——i' ——j +—k'.
5 5 5
W
CkansipHOe MPOU3BEICHNE BEKTOPOB U €T0 CBOWCTBA
a, b,
_ |4 — | b
Onpeodenernue 17. CKansipHbIM MPOU3BEICHUEM BEKTOPOB a = ub= Ha3bIBACTCS
a b

n n
_ n
4UCI0 a -b::Zakbk =a,b +a,b,+..4+a,b,, TO ecTb 4YHCIO, pAaBHOE CyMME€ IIPOU3BEICHHUN
k=1

OOTHONMCHHBIX KOOPpANUHAT BEKTOPOB aunb.
U

3aMeTUM, 4YTO COIJIaCHO OIpPENEICHHI0 8§ CKaISIPHOE IMPOU3BEJEHHUE  MOYKHO
MHTEPIPETUPOBATH KaK IPOU3BE/IEHNE MaTPULl,  UMEHHO:
a-b=a"-b, (23)
e a’ = (al a, .. an)— TPAHCIIOHUPOBAHHAs MAaTpPULA [0 OTHOLIEHUIO K d , 3 YMHOXKEHHUE B
npaBoii yacTu (23) — 3T0 YMHOXKEHHE MaTpULL.
JlokazaTenbcTBa CIEIyOIMX CBOMCTB CKAJIIPHOTO ITPOU3BENEHUS MJIEMEHTapHbI U MBI UX
OITyCKaeM.

CBolicTBa CKaJIsIPHOTO MPOU3BEACHUS
1. a-b=>b-a (KOMMyTaTUBHOCTbH);
a c

2. -(5 + ) =a-b+a-¢ (mCTpUOYTHBHOCTB);

3 a(E b ) =(ca)-b=a (al; ) (accoUMaTUBHOCTh MO OTHOUIEHHIO K YMHOXKEHHUIO Ha
YHUCIIO);

4. a-a>0
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Teopema 7. Tlyctb @ u b— HeHyleBble HANpaBIEHHBIE OTPE3KH (BEKTOPHI) B
npoctpanctse R’ (unu B R*), |a| u |l;| — WX JUIMHBI, @ @ — yTON MEXIy @ U b (O <p< 72') . Torpa:

Hoxazamenvcmeso. Jloka3aTenbCTBO IPOBEIEM
JUISl TIPOCTPaHCTBa R’ .

1) OtnoxuMm BEeKTOp a OT Hayajla KOOpJUHaT.
JUinHa mnpoekuMuM BekTopa a Ha IulockocTh  XOy
BhIUHUCIsieTCs 10 Teopeme [ludaropa B mpsMOyroiabHOM
TPEYTOJIbHUKE, JIeXkKallleM B 3TOM IUIOCKOCTH, M pPaBHA

<

Ja’ +a, . PaccmarpuBas Temephb HPAMOYTOJIBHbIIA
TPEYrolbHUK C KaT€TOM d,, OIATh 1o Teopeme [Iudaropa

nonydaem: |a|=+/a; +a; +a; = =+a-a (nocnenuee

cienyer u3 onpenenenus 17).

2) IlpuBeneM BEKTOpbI @ H b x o0ieMy Hayally UM pPacCMOTPUM TPEYTOJIbHUK,
HOCTpOCHHbIﬁ Ha BCKTOpax a y E Ua-— l; .1lo TCOPEMC KOCMHYCOB NUMCCM:
b @—5]" =lal* + 16 - 2lalp|cosp =

(al —b1)2 +(Clz _b2)2 +(a3 _b3)2 =aj +a; +a;+
+b} +b; + b} —2alb|cosp
= a1b1 +a2b2 +a3b3 :|E||I;| cosp = cosp= |§_||b5|

Teopema 7 moOy>kaaeT BBECTH CIeAyIONIee
Onpeodenenue 18. Ilycts @ u b — Takue e, Kak B onpeneneHuu 17.
1) Hopmoii (uiHHOI) BEeKTOpa @ HAa3bIBACTCS YHCIIO:

lal=~a-a =+a} +a2+.+a> . (24)

2) Ecnu BekTOpbl @ M b HeHyJeBble, TO YIJIOM MEXIy HUMH Ha3bIBa€TCS YUCIO ¢

(0 S@< 7z) , BBIYUCIIIEMOE U3 COOTHOILIECHHUS:
a-b
COSQY =———"—. 25
i [e] )

W
ScHo, uto dopmyna (24) 06o01IaeT MOHATHE IMHBI BEKTOpa Ha MPOM3BOJIBLHOE N-MEpHOE
npocTpancTBo. Yto kacaercs Gopmyisl (25), TO OHA €TUHCTBEHHBIM 00pa30M OIpeAeseT yroa ¢

B Clly4dae, eCciu ee IpaBas 4yacTh 110 MOJAYJIIO HE MpeBbIIIaeT enuHuIlbl. Ha camoM nene, cipaBenyiug
CJIEIYIOIINN PE3YBTAT, U3 KOTOPOTO CIEAYET KOPPEKTHOCTH GopMyJIs (25).

Teopema 8 (uepaercrBo Komm-BynsikoBckoro). J{isi JHOOBIX BEKTOpOB a@,b €R”
CHpaBeTMBO HEPABEHCTBO:
75| <lal-[B]. (26)
Hoxazamenbcmeo OmycKaeTcsl.

[]
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YACTbD 2: BEKTOPHI U JIEMCTBUS HAJI HUMHA

Jlexkuuns 7

[Tponomxum u3yyeHue MOHATHI, CBSI3aHHBIX CO CKAISIPHBIM MPOU3BEICHHUEM BEKTOPOB.
Onpeodenenue 19. lpoekiueil Bektopa a € R” Ha HeHyJlIeBOW BEeKTOp b € R" Ha3bIBaeTcs

YHCII0

=|al-cos g, (27)

U]
Hwxecnenyromue pUCYHKH IMOKa3bIBAIOT, YTO MOHSITHE MPOEKIUMU B R" coriacyercs c
OOBIYHBIM MPEJICTABICHHEM O MPOEKIUK B R> 1 R’ :

np;a b
3aMeTHM, YTO €CIIM YyToJl ¢ TYIOMW, TO MPOEKIIHMS BEKTOpa Ha BEKTOP €CTh OTPHUIIATEIBHOE

gucno. IlosTtomy B nuTeparype UWHOrAa BMECTO TepMUHA '"Hpoekiusa" ymnoTpedisercs
cioBocodeTanue "anredpandyeckoe 3HauYeHUEe MPOeKIuu'.
Ilpumep 12. Jlanbl BepminHbl upamunsl A(3,5,4), B(8,7,4), C(5,10,4), D(4,7,8). Haiitu

mmaHel pedep AB m CD, yrom £ABC, mpoekmuio Bektopa AB Ha Bektop CD, a Takxke
KOOPJAMHATHI TOUKH E, sBistromeiics cepenunoi pedpa BC.

D [Ipex e Bcero HaiiieM KOOPAMHATHI HYKHBIX HAM BEKTOPOB:
5 -3 2 -1
AB = 2,B_C= 3 ,E: S,C_= —3|. Jmunsl pedep AB u
C 0 0 0 4

CD — 3T0 HOpMBI (UTHHBI) COOTBETCTBYIOIINX BEKTOPOB, TO €CTh MO
dbopmyne (24) umeem:

HEH:\/Sz +2%2+0% =429,

CD||=(-1)* +(-3)* +4> =26.

-5
Yron ¢ = ZABC —3T0 yroa Mexay BEKTOPOM BA=-AB=|-2|n BEKTOPOM BC,
0
moaToMy 1o opmysie (25) momyyaem:
BA-BC  (-5)-(-3)+(-2)-3+0-0 9 3
COSQ =7—r—— = - _ .
I B I e e
3
CrnenoBatenbHO, ¢ = arccos E
s ¢ (27) u (25) AB 48-CD _ I Haiinem AE . I
3 opmyn u ClleyeT, 4T0 np—- AB=——=—= . Haiinem . Ilyctp
pMy. Y Dep HCDH /26 y
x=3
E=E(x,y,z). Torna AE = y—15|. Tak kak E nenmut orpe3ok BC nomonam, To
z—4
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-1,5
_C:%-ﬁ?: 1,5 |. Ilo mpaBuiay CiOXEHHsS BEKTOPOB KakK HaIlPaBICHHBIX OTPE3KOB HMEEM:
0
x—3 3,5 x=6,5
AC=AE+EC = AE=AC—-EC = y=5(=|35 = {y=85. MHrak, Touka E wumeer
z—4 0 z=4
KoopauHatkl (6,5;8,5;4).
0
Onpeodenenue 20. Bextopa @ u b 3 R" Ha3bIBAIOTCA OPTOrOHATBHBIMY, ecii @ - b = 0.
0
U3 TeopeMbl 7 clielyeT, 4TO [Ba HeHyJeBble BeKTOpa B R’ (umu B R’) OpTOrOHaIbHEI

T
TOrJa W TOJBKO TOrJa, Korga yrojid MCEXKAYy HHMHU pPaBCH 3’ TO €CTb KOI'Ja 3TH BCKTOPLI

MEPIECHANKYJIISPHBI.
2 3
-5 — | =7
Ilpumep 13. Tlpu kakoMm 3Ha4YeHUW TapameTrpa ! BEKTOpbl a = ; u b= 9
6 8
OpTOrOHAJIbHbI?
NUmeem: a-b=0 < 6+35-2t+48=0 < 2t=89 < =445,
0

CBoiicTBa HOPMBI BEKTOpA
1. Jlna moboroa €R" ||a] > 0, mpuuem ||a| = 0 Torma u Tomsko Torma, korma @ =0.
2. ns moboroa e R” muncna A €R ||Aal|=|4-|a] .
3. Jlns mo0sIX a ,I; € R" cnpaBeJIMBO HEPABEHCTBO TPEYTOJIbHUKA! ||§ +b || < ||(7 || + ||l; || .

Hokaszamenvcmeo. CBoiicTBa 1 M 2 HENOCPEACTBEHHO CIEAYIOT M3 omnpeneneHus 18.
JHoxkaxem cBoiicTBO 3. C nmomolpto hopMyiisl (24) nepenuiieM HEpaBEHCTBO TPEYTOJbHUKA B BUJIE:

J@+5)(a+b)<va-a+Jb-b < (a+b)(a+b)<a-a+2Ja-a-\b-b+b-b <
& a-a+b-a+a-b+b-b<a-a+2al-|p|+b-b < 2a-b<2lal-|p| < a-b <lal-|p|-

[Tocnennee e HEPABEHCTBO CIEAYET U3 TEOPEMBI 8.

[

Onpedenenue 21. Bextop u3 R" Ha3bIBaeTcs €IMHUYHBIM, €CIM €ro HOpMa paBHA
eIMHHULIE.

U
Hanpumep, Bektoper e,e?,...,e"” ectectBennoro 6asuca B R", pacCMOTpEHHEHIE B

puMepe 9, SABJIAKOTCA CAUHHUYHBIMU BCKTOpAMU (B YaCTHOCTHU, BCKTOpPA i, j, k — CANHUYHBIC

BexTophl B R’ ). Ilpumensia onpenenenue 20, BUAUM TaKxkKe, 9TO BEKTOPHI 3TOr0 6azKca MOMapHO
OpTOroHaJIbHBL. BBeneM cienyromiee od1ee

Onpeodenenue 22. bazuc B R" Ha3bpIBaeTCd OPTOHOPMHUPOBAHHBIM, €CIIH BCE BEKTOPHI ATOTO
6a3uca elMHUYHBIE U TOMAPHO OPTOrOHAJILHBIE.

[]

Taxum obpazom, (E(l),é(z),...,é(”)) — OPTOHOPMHPOBaHHBIN 6azuc B R" (COOTBETCTBEHHO,

(l_',j_',l;) — OPTOHOPMHUPOBAHHBIH 6a3uc B R”).
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_ . _ a
Ipumep 14. Tlycts @ € R" — HeHyneBoii Bektop. PaccMoTpuM BekTop @':= H Bexkrop
a
a’ HampapJieH B Ty e CTOPOHY, YTO M BEKTOP & , U U3 CBOMCTBA 2 HOPMBI BEKTOpa CIELyeT, 4To
|a°|=1, t.e. Bexrop @°— emumumumeni. Ilpouemypa MONydeHHss W3 BEKTOpA @ BEKTOp &'

HA3bIBACTCSI HOPMUPOBKOH BEKTOpa @ .
[

OpToroHanbHbIe MaTPUIIBI

Onpeodenernue 23. Matpunia A € Mnn Ha3pIBaeTCSI OPTOrOHAIBHOM, €CITH At =A4".

[
Teopema 9. Matpunia A € Mnn opTOroHanabHa TOTJja U TOJIBKO TOT/A, KOTJIa €€ CTOJIOIIbI
MIPEJICTABIISIOT CO0O0M eMHUYHBIC U TIOMIAPHO OPTOTOHAIBHBIE BEKTOPHI.
Jloxazamenvcmeso. Iycts Matpunia A € Mnn oproronanssa. Torma A” - A= 1. U3 storo
COOTHOIIIEHHE cleayeT Tpedyemoe yTBepkaeHue. g mpoCcTOTHI moKaxkeM 310 npu N=3. Umeem:

ay Ay Ay | |4y G 4 1 00
A" A=1 < |a, a, a,l||la, a, ay|=/0 1 0| <
a3 Ay dy/ \d3 A3 dy 0 0 1
apdy +a ay +aydy ayay a4y a3 a4y, a4+ a4 dy +aydy, 1 00
Ay + Ay Qg + A3y Ay + Ayl +A3a3  Aplys +ayay; +agay =10 104
Ap3ay +apay +agpdy  apa, +andy +a5a03,  A;pd;;+axd); +dsds, 0 0 1

[IpupaBHUBasE »JIEMEHTHI TJABHOW JHAroHalW, IOJIy4aeM YCJIOBHE €IWHUYHOCTU BEKTOPOB-
cronbnoB  Matpuiel A, [lpupaBHUBas  OCTambHBIE DJEMEHTBHI, TOJy4YaeM IOMAPHYIO
OpPTOTOHANILHOCTH BEKTOPOB-CTOJIOIIOB MAaTPHIIBI A.

HaobGopoT, mpenmnonoxum Tenepb, 4To CTOJNOIBI MaTpullbl A € Mnn TpeacTaBisioT
co00i eOMHWYHbIE W TIOMAPHO OPTOTOHANIBHBIE BEKTOPHI. DTO O3HAYaeT, YTO BBHIMOIHSAETCS
MOCJIEJHEE MAaTPUYHOE PABEHCTBO B MOJYYEHHOM LEMOYKE paBHOCWIbHOCTEH. Bo3Bpamasch mo
3TOM Lienmouke Hasaj, noiydaem, uto A’ - A= 1. U3 cBoiicTBa 9 Teopuu onpeaenuTencit cieayer,

4TO |AT ||A| =|I]=1. CnenosarensHo, |4 # 0 u no Teopeme 3 cymectByer A '. YMHOXkas crpaBa

paBenctBo A’ - A= 1 namatpuiry A, momydaem cootHomenue: 4 = 47"
U
Teopema 10. Matpunia A € Mnn opTOroHanbHa TOT/Ia M TOJIBKO TOIJIa, KOTJIa €€ CTPOKU
MIPEJICTaBIISIOT COOOM €IMHUYHBIE U TOMIAPHO OPTOTOHAJIbHBIE BEKTOPHI.
Hokazamenbcmeo aHaIOTMYHO 10Ka3aTEIbCTBY TEOPEMBI 9.

W
Teopema 11. Ecnu A — opToroHanbHas MaTpuia, To mbo |4 =1, mubo |4 =—1.

) T )
Hokaszamenvcmeso. JlelicTBUTENbHO, Tak Kak A-A" =1, To 1o cBOHCTBY 9 Teopumu

onpenenmreneii |4-|4”|=1. Ho ceoiictBo 1 ompenemuteneii rmacut: |4”|=|4|. Toxcrarmss
2
TOJIy4eHHOE PaBeHCTBO B Ipeiblayliee, momydaeM: |4~ =1. Otciona ciemyer, uto nubo |4 =1,
6o |Al=—1.
0

Yucnosaa unnocmpayus. OpTOroHaIbHON MaTpULIEH SBIISIETCS, HAIPUMED, MaTpULA
05 05 05 05

05 -05 05 -05
-05 05 05 -05
-0,5 -0,5 0,5 0,5

A=

29



Jekuyun 7 no nuneiinoii anzeope u aHaAIUMU4ecKoil 2eomempuu |

O

Teopema 12. 1) Ilycte B cootHomenuun (19) 6asuce (5(1),5<2>,___’C—l(n)) -
_ /o / _ /
(a“) a?,.,a™ ) — OpTOHOpMHpOBaHHbIE. Torma Marpuiia S mepexojaa OT MEpBOro Oaszuca KO

BTOPOMY OPTOTOHAJIbHA.
2) Ecnu B cootnomenuu (19) crapsiii 6a3uc (c? Wa® ..a (")) OpPTOHOPMHPOBAHHBIHU, a

o —1y —(2) iy
MaTpuna nepexoaa S OpPTOI'OHAJIbHA, TO HOBbBIN Oasuc (Cl( ) ,Cl( ) ) () ) TaK¥XKE

OPTOHOPMHPOBAHHBIM.
Hokasamenbcmeo onycKaeTcsl.

O
Hpumep 15. Mycrs (i, ) — ectectsennblit 6asuc 8 R, a (z_'/ J ) — €ro IIOBOPOT Ha YIoJ @

NpoTHB YacoBoil crpenku. [IpencraBum BexTopa i’

y Z
a j ' B BHIe JMHEHHBIX KOMOWHAIHI BEKTOPOB
. ucxommoro 6asuca (i, 7). Umeem:
=/ 1 < < . =
i'=cos@-i+sing-J,
B " - T\ - . T\ -
O i X j/:cos((p+5)-i+sm((p+5j-j:

=—sing-i+cosg- j.
Cormacio Qopmyne (18), »saeMeHTHI MaTpHUIIBI
nepexo/ia OT CTaporo 06a3rca K HOBOMY UMEHOT BHJI:
S, =COs@, §, =sing, s,, =—sing, s,, =cose. Takum obpa3om, MaTpuIla nepexosaa or 6asuca

(7,7) x 6asmcy (z_'/ e ) BBIYKCISETCS 110 opMyIIe:
(cos @ —sin (p}
sinp  cosgp )

(28)

Tak kKak W CTapblii, © HOBBI 0a3MChl — OPTOHOPMHPOBAHHBIE, TO MO Teopeme 12 maTtpuma S —
OpTOroHajibHas (3TOT (aKT JETKO clelyeT Takxke U3 Teopemsl 9). [ToaTomy

cos@ sing
S71 N ST :( i J
—sing cos@ (29)

1 BBIPA’KCHUEC HOBBIX KOOPAWHAT KaKoro-Jamoo BCKTOpPA 4€PE3 CTAPBIC ITO TECOPEME 6 uMeeT BU:

x/ L (x cosep sing) (x
pf=5 = : ’ : (30)
% h% —sing cos@) \y
Crapble KOOpAMHATHI BBRIPAKAIOTCS Yepe3 HOBBIE CIEIYIOIINM 00pa3oMm:

x x' cosp —sing) (x’'
=9. S| = . . - (31)
¥ y sing cosp ) \y

0

3aMeTHM, YTO MaTpUIa HOBOPOTA OPTOHOPMUPOBAHHOTO 6a3uca B R° MMeeT 3HaUMTEIbHO
OoJiee CIOXKHBIN BUJI, HCTIOJIB3YIOIINN TaK Ha3bIBaeMble yTJiIbl Dilsiepa.
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YACTD 2: BEKTOPBI U I[EPICTBHH HAJI HUMHA
Jlekuusa 8

3ameHa 0a3uca U CKaJIIpHOE ITPOU3BEICHNE BEKTOPOB

Hamomuaum (cMm. mpumMep 9), 4TO eciiv B IPOCTpaHCTBE R” 3aHKCHPOBAH €CTESCTBEHHBIN
>

6asmc ( M et ’,‘..,é(”)) , TO JUIs1 JIFOOBIX BEKTOPOB @,b €R" cripaBeIHBbI COOTHOIICHHS:
a, b,
__|% UIe) e, b=| 22" + 5@+ +b ™
a= +a,eP+.+a,e = =pe" +b,e?+.+be
e (32)
al’l b”l

=@

/
BBeneM B paccMOTpeHHE HOBBIII OpPTOHOPMHUPOBAHHBIN 0azuc (e e

— — /
,e e ) B cooTBeTCTBHH

Y
¢ dopmymnoit (19) ummeem: (e“),e(z),

.,E(")):(E(”,é(z),...,é("))-S, npuueM 1o Teopeme 12

MaTpulia S opTroroHanbHa. Pasmaras BeKTOpel @ W b OTHOCHUTENBHO HOBOrO 0as3uca, MoJydaem
TOYHO TakK ke, Kak B (21):

n
— _ — Y 7y oy Y
a=ae" +a, e +. +ale"” Za/ ® b =ble" +be® +.+be™ =Zb,./e(') - (33)
i=1
ITpumensist paBeHcTBa (33) M CBOWCTBA CKAJISIPHOTO NPOU3BEICHHS BEKTOPOB, IIOIY4aeM:

n n n
— (Y oy T AVAR N
= (Za,ﬁe(“ j . (Zbl,/e(’)j = Za,ibl./e(k) e,
k=1 i=1

k,i=1

@y

e e® .,e™ ) (cM. onpeiertenye 22) TIONydaeM, 9To pr

B cuny opronopmupyemoctu 0azuca (e

/

. _ / (i _ . _ / _ N/
k=i e® .e® =W .e®™ =1, anpu k=i e* -2” =0. osromy
n
a-b=Y ab,=alb +a,b,+.+alb .
k=1

Bcenomunas onpezenenue 17 CKaasipHOTO MPOU3BEACHUS BEKTOPOB, JIeJaeM 3aKIIOYCHHUE, YTO MBI
JI0Ka3aJIi CJIeIyIOIyI0 TEOpeMYy:
Teopema 13. Tlpm 3amMeHe OpPTOHOPMHPOBAHHOTO 0a3uca Ha KakKoW-MuOO Apyrou
OPTOHOPMHPOBAHHBIN 0A3UC CKAIAPHOE MTPOU3BEACHNE BEKTOPOB HE N3MEHSET CBOETO 3HAYCHHUSI.
0
[TpommutrocTprpyeM J0Ka3aHHYIO TEOPEMY CIEIYIONIMM PUCYHKOM:

y/\\ Ay /

Y. / 7./
a,b, +a,b, =a,b, +a,b,

Tak xak B cuiny omnpeneneHus 18 Hopma

| J

BEKTOpa M yroJl  MeXIy  BEKTOpaMu
BBIPAXKAIOTCSl YEPE3 CKaJSIPHOE IMPOU3BEACHUE
Y . o BEKTOPOB, TO U HOPMa, M YTOJI HE U3MEHSIOTCS
IIPY 3aMEHE MCXOJHOIO0 OPTOHOPMHUPOBAHHOI'O
N 0a3uca Ha HOBBIII OPTOHOPMUPOBAHHBIN Oazuc.
To e kacaercd M NPOEKUUU BEKTOpa Ha
BeKkTOp (cM. onpezenenue 19).

BekTopHOE IIpOH3Be/ICcHIE BEKTOPOB B R’
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a;

by
Onpeodenenue 24. BEKTOpHBIM NIPOU3BEACHUEM BEKTOPOB d =| a, | U b =| b, | Ha3bIBaeTCs
a, b,

BEKTOP, 0003HaYaeMblii @ X b ¥ BBIYHCIISIEMBIi 110 popMmyIie:

I b (34)
axb=\j a, b,
k a, b,
U

3aMeTuM, 4TO B IIEPBOM CTOJIOIE OMpPENEIUTENs], BXOASAIIEro B paBeHCTBO (34), CTOAT He
yucia, a BeKTopel. OJHAKO W ONpPEIEICHHE OIpPENEIMTENs, U €ro OCHOBHBIE CBOWCTBA
coxpansioTcs. Hampumep, u3 cBoiicTa 1 Teopuu onpeaenuTeneid BHITEKAET, YTO

_ bk (35)
axb=la a, a.
b b, b,
B Ttakom Buze ¢dopmyna sl BBIYMCIEHUS BEKTOPHOTO MPOM3BENCHUS YacTO BCTpEUYaeTcs B
nuteparype. Ecnu npumensts ¢opmyny (34), TO ompenenuTenb CIEAYeT pacKJaablBaTh IO
nepBoMy cTooity, a B ciydae (35) mydie npuMeHsITh Pa3ioKeHHE M0 MEePBOM CTPOKE.

5 4
Yucnosas unniocmpayus. Iycts a=| —3|, b =| 3 |. Hcnons3ys (34), umeem:
2 -1
- 4 _
—511533 S e R P N IS Pr Vs 133
axo= - I I S [ N B S A
k2 -1 27

CBoiicTBa BEKTOPHOTO POU3BEICHUS

1. axb =—-bxa (aHTUKOMMYTAaTUBHOCTH);
X X

(b + E) =axb+axc (MMCTpUOYTHBHOCT);

3. a(ﬁ X b) = (aﬁ) xb =a x (al;) (acconMaTUBHOCTH MO OTHOIICHHIO K YMHOKEHHUIO Ha

YHUCIIO);

4. axb=0 TOTJIa U TOJIBKO TOT/1a, KOT/Aa BEKTOPBI d W b JHMHENHO 3aBUCHMBI.

Lokazamenbcmeo. AHTUKOMMYTaTUBHOCTh BBITEKA€T W3 CBOWCTBA 2 ONpeIeIuTeNeH,
MPUMEHEHHOTO K CTOJIOlaM, a JAUCTPUOYTHBHOCTH M aCCOIMATUBHOCTh — COOTBETCTBEHHO W3
CBOMCTB 5 1 4 Teopuu onpenenuteneil. JJokaxxeM nociennee npeaioxKeHue.

Ecmu @u b NWHEHHO 3aBHCHMBI, TO TIO CBOHCTBY | CHCTEM BEKTOPOB OIMH H3 JTHX
BEKTOPOB BBIPAXKAETCS Uepe3 APYroi, yMHOXKEHHHIH Ha uucio. IlycTs, Hanpumep, b = aa . Torna,
MIPUMEHSS OCTIEA0BATENIbHO CBOMCTBA 4 U 3 TEOpUH OIpeAeIUTENEH, MOTydaeM:

i a bl |i a oaq i a, aq,

Sl

xb=|j a, b)|=|j a, oaa,|=a-|j a, a,|]=0.
k a, b |k a, oaa, k a, a,
OOpaTHOE yTBEpKAECHHE MOXKHO MOIYYUTh U3 PE3YJIbTATOB TEOPEMBI 15.

U
3ametuMm, 4yTOo U3 Gopmyasl (34) HEMOCPEICTBEHHO CIEAYyeT TMPAaBWIO BEKTOPHOTO

YMHOKEHHsI Oa3UCHBIX BEKTOPOB i, j M k: ixj=k, jxk=1, kxi=j. Eciu Mbl 3aMeHUM
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6asuc (f, J, l?) HOBBIM OPTOHOPMHPOBAHHBIM ~0a3UCOM (z_'/ 7k ), TO MOKHO JI0Ka3aTh
CIIEYIOLIYIO JIEMMY:
Jlemma 5. Ecnn S — MaTpuna nepexoja ot 6asuca (f, J, l?) K Gazucy (f/ 7 k/) , TO
1 - 1 - - 1 -
=—-k',  jixk'=—=-i", k'xi'=—=-j.
s s/ (36)
[okazamenbcmeo  TPOBOAUTCS HPAMBIM  BbluucieHueM 1o dopmyne (34) ¢

HICIIONIb30BAHUEM COOTHOILIEHHUH, ClemyIomuX u3 paseHctsa S ' =S’ , rme S~ Bbluucnsercs 10
dopmyite (12). PekoMeHyeM unTaTenio mpoaenaTh HEOOXOMMBIE BBIKIIAIKH.

O
[Tpumensisi teopemy 11, MBI BHIUM, YTO [JIs Hamled OPTOTOHAIBHOW MATPHUIBI S
BO3MOXHBI JIBa BapuanTa: 6o |S|=1, m6o |S|=—1. MoxHO I0Ka3aTh, 4TO IEPBBIA CIydaii

COOTBETCTBYET BO3MOXXHOCTH MOBEPHYTh 0a3UCHYIO TPOHKY (f, J, E) BOKPYT TOYKH TPUIIOKEHUS
ATUX BEKTOPOB JI0 COBMA/ICHUS C TPOIKOI ( L7k ) W3 pucyHka sCcHO: Bpaias TpOMKy (z_', j, l;)

BOKPYT TOYKH npnﬂomeﬂm BEKTOPOB H COBMGCTI/IB IPH OTOM BEKTOp i
C BEKTOPOM 7', a BEKTOp j C BEKTOPOM ;' , HOJIYYHM, 4TO BEKTOp k
COBMECTHTCS C BEKTOPoM k' . B IByMepHOM ciyuae moBOpoT Gasuca
(f, j_) ObU1 u3yueH B nmpumepe 15. U3 nmonydennoit tam popmyst (28)

cienosano, urto |S|=1. Bapuant |S|=—1 cooTBeTrcTByeT ciyuaro,

KOrJla C TOMOIIBI0 MOBOPOTa TPOWKY BEKTOPOB (f, J, k) HEJb3s

COBMECTHUTb C HOBOW TPOMKOI ( 7k )(CM. PUCYHOK HUXKE).

e B COOTBETCTBUM C BBILIECKA3aHHBIM €CTECTBEHHO BBECTHU
- CIIeyroIIee
J Onpeoenenue 25. O S
7 D pTOTOHaJbHAs MaTpulla Ha3bIBAETCS
-7 J MaTpullell TOBOPOTa OPTOHOPMHUPOBAHHOTO Oa3uca, eciu |S| =1.

=~ i

\

B Teopema 14. Ilyctb BekTOpa @ M b TE Xe, 4TO U B
A\ onpeneneHuu 24, W MyCcTh HX PA3JIOKEHUS OTHOCUTEIBHO HOBOTO

6asmca (f/,]/,E/) UMET BUI. d=ali +a,j +alk! m
b=bi"+b,j +bk'. Torna

i e
axb=—-j a, bl
|S| 7./ / /
k' a; b

B YaCTHOCTH, €CIIN S — Marpuna IOBOpPOTAa, TO BEKTOPHOE IMPOU3BCACHUC, BBIYMCIICHHOC B
KOOpAUHATaxX OTHOCUTCIIBHO €CTCCTBCHHOT' O Oasmca (CM. ONpCACIICHUC 24) COBIIAAACT C BEKTOPHBIM
IMPOU3BCACHUCM TCX KC BEKTOPOB, BBIYMCICHHBIM OTHOCUTCIIBHO HOBOT'O Oasuca:

il
axb=|j' d bl -
Koal b

Hoxazamenvbcmeo. VIcTONb3ys CBOWCTBA BEKTOPHOTO MPOHSBE/ICHILS, HMECM:

5xl;=(aﬁ/+a£]_'/+a§l€/)x(bl/f/+béj'/+b3/l€/)=al/bl/(f )+ab( X j )
+a1/b3/(f/ xlg/)+aébl/(]_'/ xz”)+aébé(]_'/ x]_'/)+a£b3/(j/ X E/)+a§b/(k/ X f/)+a§b/(k/ xj/) +
+asby(k' < k') = (alby—agb! )(i" x j')—(ajbj —aib} )k xi")+(azb —ajh; )( j' xk').
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[Ipumensist Tenepb paBeHcTBa (36), IOTy4YaeMm:

i" al b
_ -1 - - =1_ 1 |-
o T VY A o A
k' a, b

U
Crnenyroias Teopema MposICHSIET FTEOMETPUUECKUN CMBICT BEKTOPHOTO IPOU3BEICHUS.

Teopema 15. BexkTopHOE NIpPOU3BEAEHUE « Xb €CThb BEKTOp, YJOBJIETBOPSIOLIUIMA
CIIETYIOIIIM YCIIOBHSIM:

1) HOpMa 3TOro BEKTOpa paBHA ILIOIIAIM MApauIeIorpaMMa, IIOCTPOSHHOTO Ha BEKTOpax
a U b Kak Ha CTOPOHax;
2) BEKTOp @ X b OPTOTOHAJICH U BEKTOPY @ , M BEKTOPY b ;

3) HampaBiieHHE BEKTOpa a xb oOmpenensercss MO NpaBHIy OypaBuMKa: €CIIU JIe3BHEC
OypaBuMKa yCTaHOBHTbH MEPIEHIUKYIISPHO IJIOCKOCTH, B KOTOPOH JIS)KaT BEKTOpa a H
b, a pyuKy 6ypaBumKa BpaIIaTh OT BEKTOPA & K BEKTOPY b B CTOPOHY HAHMEHBIIETO
yIa MeXAy OSTHMM BEKTOpPaMH, TO HANpaBICHHE BEKTOpa & Xb COBHAJET C
HarpaBJIeHUEM JIBUXKEHUS JIe3BUs OypaBUuUKa.

Hoxazamenvcmeo. Bmecto ectecTBeHHOro  0Oasuca (z_', J» k) IOCTPOUM  HOBBIH

OPTOHOPMHPOBAHHBIN Oa3uc (f/ 7k ) TaK, KaK MMOKa3aHo Ha pucyHke. VIMeHHO, mpuBeaeM Bce

BEKTOPbl K OJHOMY Hauaiy, HaHpaBI/IM BEKTOp i’
M0 BEKTOPY &, BEKTOp ,  pAacroNOXKUM Ha

IJIOCKOCTH, COJEp>Kalieil Bektopa a u b, a
BEKTOp k' HAmNpaBUM C TaKMM pPacdeToM, YTOOBI

TpolKa (f/ L7k ) I0JIy4ajach IOBOPOTOM TPOMKHU

(lT, J, /;) Torma a=|a|-i’, B=||B||cos(p- i+
+[5]sing - j'. To moctpoennto Gasuca ( 7k ) nonydaem |S| =1. Io dpopmyne (37):

3/

i" |l ||l;|| cos ¢

ax5=|7' 0 [b]sing|=lal-|p]-sing-F. )
k' 0 0

SlcHo, uyTO ||c7 ><5||=||c_z||~||l;||-singo=Snap, rje TOCIefHEEe pPABEHCTBO — OJTO dJleMeHTapHas
FeOMCTpI/I‘IGCKaSI (i)OpMy.]'Ia 1A BI)ILH/ICJ'ICHI/I?I Iomaan HapannenorpaMMa HaTHHYTOFO Ha BeKTOpa
awu b.Takxak k' OpPTOTOHAJTEH ;' M j , TO MO TIOCTPOCHHIO k' OpPTOTOHAJIEH BEKTOpaM a M b
WM, CIICIOBATENbHO, @ Xb OpTOTOHAJICH BEKTOpaM d W b. [TockonpKy HampaBJIeHHE BEKTOpa
k=i X j, OYEBHIHO, ONpENENSAeTCs MO BEKTOpaM [ M j C NOMOIIBIO TpaBuia OypaBumka, a

TpoMKa (z_'/ 7k ) NOJIy4nsach U3 TPOMKHU (z_', J» k) HOBOpOTOM, TO WU HaIpaBJIEHUE BEKTOpa

k' =i’ x j' (cm. memmy 5) ompenensieTcs o BeKTopaM i’ M j ¢ TIOMOIIGIO TpaBHia OypaBumKa.
Bux kodpduuuenta npu k' B dopmysne (38) roBOPHT O TOM, UTO M & X b Ompeaensercs 1o
BEKTOpPaM @ ¥ b ¢ MOMOIIBIO MpaBHia GypaByHKa. 0
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YACTbD 2: BEKTOPHI U JJIEMCTBUS HAJT HUMHA

Jlekuusa 9

[TpomomkuM M3yYeHHE BEKTOPHOTO MPOU3BEACHHS BEKTOPOB, 3aMETHB, YTO HA MPAKTUKE
Jarie BCero MPUMEHSIOTCS ABa pe3yJbTaTa U3 TeopeMsl 15:

1) ecnu fgaHbl BeKTOpsl @,b €R’, To momans mapamIenorpaMma (COOTBETCTBEHHO,
IUIONIAIb TPEYroJIbHUKA), HATIHYTOTO Ha OSTH BEKTOPa, CIEAYyeT BBIUUCIATH 1O (GopMylie:

S . :”c_z xI;” (coots., S, :%-Hax I;”);

2) ecnu naHKl [Ba IMHEHHO HE3aBHCHMBIX BEKTOpa a@,b € R’ W TpebyeTcs HaHTH KaKoii-

1100 BEKTOp C , OPTOTOHAIBHBIN 3TUM BEKTOPaM, TO CJIEIYET MOJOKHUTb: ¢ =a X b .
IIpumep 16. Ilycth nana nupamuja, BEpIIMHBI KOTOPOM UMEIOT T€ K€ KOOPAUHATHI, YTO U
B ipuMepe 12 (cM. Takke pUCYHOK U3 9TOro npumepa). Tpedyercsa Haitu S,z U S, 50p -

[Tonoxum a = AB, b = AC . Beruucnsem BEeKTOPHOE MPOU3BEICHUE:

i 52
axb=|j 2 §=21k = Sy = laxB|= |2ik|=2 JFl=105
k 00
3 -1
Ananorudno, nojaras ¢=CB=|-3 ,d =CD=|-3 , IOJIy4aeM:
0 4
i 3 -1 ~12
exd=|j -3 -3=-12i-12j-12k=|-12| = SABCD=%-”E><67”=
k 0 4 ~12

:%\/(_12)2 #(-12)° +(-12)° = 63,

CMemaHHOe NPOU3BEIeHNE BEKTOPOB B R’

Onpedenenue 26. CMelaHHBIM TIPOM3BENCHUEM TpeX BEKTOPOoB @,b,c € R’ Ha3pBaeTcs

410, 0003HAYaEMOE @b U BBIUMCIAEMOE 110 dbopmye:
abc=a-(bxc). (39)
[]

3aMeTuM, 4TO NpH npuMeHeHuH (opmyisl (39) cHayala HyHO BBIYMCIHTH BEKTOPHOE
MIPOM3BE/ICHNE BEKTOPOB, CTOSIIIEE B KPYIJIBIX CKOOKAaX, a 3aTEM Pe3yJIbTaT CKAISIPHO YMHOXXHUTDH Ha
BEKTOp a .

a, b, C
Teopema 16. Ecmu a=|a,|,b=|b,|,C=[c,|, To cMmemanHoe mnpomsBeneHHEe O>THX
aS b3 C3

BEKTOPOB BBIYHCISETCS 1O (hopMyIie:
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a b ¢
abc=|a, b, c,|. (40)
a; by ¢

Hokazamenvcmeo. Vicnionb3ys onpeneneHus 26 u 24, noiydaem:

] c
e T S

“hr=7. b =-a- H b c.|=a- '-+ lz =
abc=a-(bx2) 10 G b, c, b3c3Jb2 c,
k b, c,
b
B Y T S
& 2" +ag =la, b, ¢
b3 3 b3 3 bZ 2
a; by ¢
0
-1 2 2
Yucnosasa unmocmpayusa. Ilycte a=| 1 |, b=|-2 ,c=| 1| Haiinem abc,
-1 1 -1
ucnoib3ys popmyiry (40):
-1 2 2
abe=|1 -2 1 (1)_2 g Y L Y e PR
abe=1 - UV T T 1T
-1 1 -1
0

CBoOICTBA CMEIIAHHOTO TPOU3BEACHUS BEKTOPOB
1. c_z-(b XE):(axb)-E;
2. Eciu B CMENIaHHOM TIPOW3BEICHUN MTOMEHSTh MECTaMH J[Ba JIFOOBIX COMHOMHUTEIS, TO

CMEIIaHHOE ITPOU3BEICHNE U3MEHNT 3HaK (Hanpumep, abc =—bac );
3. CMmemanHoOe MPOM3BECHUE TUCTPUOYTUBHO MO KAKIOMY IMEPEMEHHOMY (HampuMmep,

ab(c+d)=abc +abd);

4. a(c_zb E) =(ca)bc = a_(ab)E =ab(oc)  (accolMaTMBHOCTH 1O  OTHOIIGHHIO K
YMHO>KEHUIO Ha YHCJTIO);

5. abc=0 Toraa u TOILKO TOr/Ia, KOI/a BEKTOPHI &, b, C TMHENHO 3aBHCHMEL

Hokaszamenvcmeo. IlepBple  4YeTblpe  CBOWMCTBA  SABIIIOTCS  HENOCPEACTBEHHBIMU
CJIEICTBUSIMU CBOMCTB OIIPENEIIUTENEH, a IIITOE CIEAYyEeT U3 CBOMCTBA 5 CUCTEM BEKTOPOB.

[]
Brrsicanm TCIIEPb FeOMeTpI/I‘-IeCKI/Iﬁ CMBICJI CMCHIAHHOTO ITPONU3BCACHUS.

Teopema 17. Mopaynb cMeUIaHHOTO MPOW3BEACHUS BEKTOPOB a, b, C paBeH 00beMy

napajuleNeNUIe a, IOCTPOEHHOT0 Ha 3TUX BEKTOPAX KaK Ha CTOPOHAX.
Hokasamenvcmeso. CBoiicTBo 1 B couetanuu ¢ popmysoit (25) naer:

|JZ;E|:‘(Exl;)-E‘:||c_le;||-||5||-|cos¢|, (41)

e ¢ — yrol MeXay BeKTopaMu @ X b u ¢ (cM. pucyHok). ITo Teopeme 15 miomams ocHOBaHHS

MMOCTPOCHHOTO Tapaljiesienuneaa paBHa ||c7 x b|, a mpousBeaecHUE

Icll-|cos | comamaer ¢ BeIcOTOM h mapanmenerumena (Momysh

T
KOCHHYCa Urpact CBOKO pOJib, KOr'Ja §0>5) HOBTOMy IpaBas

gyacTh  ¢opmynsl  (41) paBHa  00BEMYy  IOCTPOCHHOTO
napaiesienumnea.
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0
Yucnosas uniocmpayus. Ilycts BekTOpa a, b U ¢ T€ e, 4TO U B MIPEABIYIICH YUCITOBOU

wutroctparnuu. Halimem o0bveM V mapamienenumnena, MOCTPOSHHOTO Ha BEKTOpax a, b u ¢ Kak Ha
CTOpOHAaX.
Bocnonb3oBaBimuck TeopemMoil 17 M BBIYMCICHHSMU U3 MPEAbIAYIIEH YUCIOBOM
WTIOCTpaNuH, noydaem: V =|abe|=|-3=3.
O

Ilpumep 17. Tlyctp pana mupamupa w3 npumepoB 12 u 15. Haittm obvem V atoii
MIUPaMUJIbI, a TaKKe €€ BBICOTY N, omymieHnyro u3 Bepimabl D Ha ocHoBanue ABC.

5 2 1
Tak xak a=AB=|2|, b=AC=|5|,¢=4AD=|2|, a obvem nupaMuabel  (Kak 3TO
0 0 4

CJICAYCT U3 DJJICMCHTAPHBIX TI'C€OMCTPHUYCCKUX COO6pa)KCHHﬁ) B MIECTb pa3 MCHBIIC obnemMa
COOTBCTCTBYIOLICTO IapajiCjicurIicaa, To

5 21
abc=2 5 2/=100-16=284,
0 0 4
1 _—_, 84
u mo teopeme 17 V= g|abc| e 14. [lanee, MOCKONBKY V = gSAABC h, TO, TpUMEHAA
3V 42
pE3yabTaT BIYUCIEHUS S, ;- U3 IpuMepa 16, nonydaem: h=——=——=4
Swse 10,5

]
HSy‘II/IM TCIICPb, KaK U3MCHACTCA CMCIIAHHOC IMPOU3BCACHNUE BECKTOPOB IPU MNEPEXOAC OT

€CTECTBEHHOT0 0a3znca K HOBOMY OPTOHOPMHUPOBAaHHOMY Oa3ucy (f/ 7k ) .
Teopema 18. Ilycts BekTOpa a,b W ¢ Te ke, 4TO U B YCIOBHUU T€OpeMbl 16, U MycTh UX
PasoKeHHss OTHOCHTENHFHO HOBOTO 0Oasuca (z_'/ 7k ) uMeloT BUI: @ =aji +a,j +aik’,

b=bli"+b)j +blk' u c=cli' +cji' +cii’. Torna

al/ bl/ Cl/
1
—T— YA
abc=—-la, b, c,l,
|S| / / /
b, c¢
a, b G

e S — MaTpuIa epexosa oT 6asuca (z_', s E) K 6aszucy (1_'/, 7, k/).

Hoxasamenvcmeso. [pumensis popmyny (39) u reopemy 14, momydaem:
</

/ /
. i" b ¢ .
e — (T =\ 5/ =t AN . / A WA = 17N,
a c—a-(bxc)—(alz +a,j +aik )'|S|.] b, ¢ —|S|-(alz +a,j +a3k)
=/ / /
k' by c
/ / / / / / / /
by ¢ o bl al o boal o 1 e A Ct I - S
- . k' |==-a —a +a =
b/ / b/ / b/ / |S| lb/ / Zb/ / 3b/ /
3 C3 3 C3 » G 3 G 3 C3 » G
/ ;o
a b ¢
R ;o
| | a, by, ¢,
/ ;o
a; by ¢
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Creocmsue. Ecnmu S — maTpuIia moBopoTa, ToO CMEIIaHHOE NMPOU3BEICHNE, BEIYUCICHHOE B
KOOpJIMHATaX OTHOCHUTENBHO €CTECTBEHHOrO 0as3uca COBMAJAeT CO CMEIIAHHBIM MPOU3BEICHUEM
TEX K€ BEKTOPOB, BHIYMCIICHHBIM OTHOCUTEIBHO HOBOTO Oa3uca.

0

PemmmM ere HECKOIBKO JOMOTHUTEIIBHBIX IIPUMEPOB, YaCTO BCTPEUAIOIITMXCS HA MPAKTHKE.

Ilpumep 18. 1lokazaTb, 4TO TOYKH A(5,7,—2), B(3,1,—1), C(9,4,—4), D(I,S,O) JIe)KaT B
OJHOM IJIOCKOCTH.

-2 4 -4
Beruucium BEKTOpbI AB=|-6 , AC=|-3 , AD=|-2]. JlaHHbIE TOYKH JIeKaT Ha
1 -2 2

OJIHOM TUIOCKOCTU TOTJAa MU TOJBKO TOTJA, KOTJa IMOJIYYEHHBIE BEKTOPHI TAKXKE JIekKAT B OJHOU
IUIOCKOCTH  (KOMIUIAaHApHBI), TO €CThb JHHEHHO 3aBUCHUMBL. [lo CBOHCTBY 5 CMeIIaHHOTO

IIPOM3BEIECHUS ATO BO3MOXKHO TOI'/Ia ¥ TOJIBKO Toraa, korga AB- AC- AD =0 . Umeem:

-2 4 -4
4B AC-AD=-6 -3 -2=— > -4 % A4 TI20+40-60=0
ARAREE T TAT 0 T 2| T
1 -2 2
cienoBaTeabHo Toukn A, B, C, D nexar B OJJHOH IIJIOCKOCTH.
0

1 2
Ipumep 19. HaiiTi etyHIYHEI BEKTOpP, OPTOTOHANBHBIHA BekTopam @ =| 1| m b= 1].
2 1

[To Teopeme 15, BekTOp ¢ =a x b opTOroHalieH AJaHHBIM BeKTopaM. Mmeem:

i 1 2 -1
c=|j 1 l|=—=i+3j-k=|3
k21 -1
_ _ -1
[IpuMeHsis HOPMHPOBKY (cM. ipuMep 14), monydaem: ¢° = % L L 3
ERNTINTI

0
Ipumep 20. Beraucints momans AABC, tae A(2,1), B(3,4), C(7,6).
[Torpy3uMm KOOpAMHATHYIO MIOCKOCTh Oxy B mpoctpaHcTBO Oxyz. Torma KOOpIHHATHI
BEPILHH TPEYTOJIbHUKA CTAHYT TAKOBBI: A(Z,I,O), B(3,4,0), C(7,6,0). Nmeem:

i 1 5
Suac =3 [RBXACL] 3 sl-3]-108]-s
k 00
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